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ABSTRACT 


The  object  of  the  investigation  was  to  study  the  behaviour  of  the 
plain  and  reinforced  sections  in  pure  torsion.  The  study  was  especially 
directed  to  the  controversial  issues  and  some  of  the  variables  not  examined 
previously. 

A  simple  set  up  for  testing  the  specimens  in  pure  torsion  was 
developed  and  fabricated.  The  twistmeters  for  measuring  the  angle  of 
twist  were  also  developed  and  fabricated. 

Thirty  specimens,  having  the  following  as  variables,  were  tested 
in  pure  torsion: 

(i)  Percentage  of  the  longitudinal  steel. 

(ii)  Percentage  of  the  transverse  steel. 

(iii)  Position  and  size  of  the  longitudinal  steel. 

(iv)  Bar  size  and  spacing  of  the  ties. 

(v)  Two  different  overlaps  for  the  ties,  and 

(vi)  The  steel  strength. 

All  specimens  were  4"  x  4"  in  cross-section  and  4'  6n  long. 

Three  different  grades  of  steel  were  used.  The  concrete  strength,  as 
determined  by  control  specimens,  varied  from  3335  to  4190  psi. 

The  tests  indicated  that  the  behaviour  of  the  specimen  up  to 
the  cracking  torque  was  not  affected  by  the  reinforcement.  The  torque- 
rotation  curve  was  almost  linear  and  practically  the  same  for  all  specimens 
in  this  region.  The  shape  of  the  curve  beyond  the  cracking  torque  depended 
primarily  on  the  reinforcement. 

Though  the  concrete  behaved  practically  as  an  elastic  material 
at  low  torques,  there  was  significant  plastic  deformation  at  and  beyond 
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the  cracking  torque.  The  elastic  theory  under-estimated  and  the  plastic 
theory  over-estimated  the  strength  of  the  concrete  section. 

While  the  cracking  torque  was  unaffected,  the  ultimate  torque 
was  increased  substantially  by  an  adequate  combination  of  longitudinal 
and  transverse  steel.  When  suitably  combined,  either  reinforcement  could 
be  stressed  to  the  yield  point.  The  ultimate  strength  increased  in  pro¬ 
portion  to  the  percentage  of  transverse  steel  but  for  higher  percentages, 
the  rate  of  increase  of  strength  decreased.  There  appeared  to  be  a  limit 
to  which  the  ultimate  strength  could  be  increased  by  providing  reinforcement. 

For  same  percentages,  smaller  size  of  bar  or  closer  spacing  gave 
higher  strength.  Longitudinal  bars  remote  from  the  axis  of  twist  were 
more  effective.  The  ties  of  higher  strength  steel  gave  higher  ultimate 
torque.  An  adequate  overlap  in  the  ties  was  necessary  for  full  effectiveness. 


< 


(\ 


0 


ACKNOWLEDGMENTS 


The  project  was  carried  out  as  a  part  of  the  investigation  of 
concrete  in  torsion.  The  investigation  was  made  possible  through  the 
financial  assistance  provided  by  the  National  Research  Council  of  Canada. 
The  Canadian  Commonwealth  Scholarship  and  Fellowship  Committee  provided 
scholarship  aid  for  carrying  out  the  graduate  program  at  the  University 
of  Alberta. 

The  investigation  was  guided  by  Dr.  J.  Warwaruk,  Associate 
Professor  in  the  Department  of  Civil  Engineering.  His  assistance  in 
planning  the  tests  and  his  helpful  comments  in  preparing  this  report  are 
gratefully  acknowledged. 

The  author  also  wishes  to  express  his  sincere  appreciation 
to  the  following: 

Mr.  R.  McDonald  and  the  staff  of  the  machine  shop  for  fabrication 
of  the  torsion  testing  rig. 

Mr.  A.L.  Ekman  for  fabrication  of  the  twistmeters. 

Messrs.  R.  Sandhu,  H.  Panse  and  B.  Aves  for  the  assistance  in 
casting  the  specimens  and  testing  them. 

Miss  H.  Doerksen  for  typing  the  final  manuscript. 

Mr.  G.T.  Wormsbecker  for  the  assistance  in  preparation  of  the 

drawings . 

The  author  is  also  indebted  to  his  wife  for  her  assistance  and 
moral  support  during  the  entire  program. 


v 


( 


0 


TABLE  OF  CONTENTS 


PAGE 

Title  page  i 

Approval  sheet  ii 

Abstract  iii 

Acknowledgments  v 

Table  of  Contents  vi 

List  of  Tables  ix 

List  of  Figures  xi 

CHAPTER  I  INTRODUCTION 

1-1  Introductory  Remarks  1 

1-2  Object  3 

1-3  Scope  3 

1- 4  Notations  4 

CHAPTER  II  REVIEW  OF  PREVIOUS  WORK 

2- 1  Introduction  7 

2-2  Tests  on  Plain  Concrete  8 

2-3  Tests  on  Reinforced  Concrete  9 

2-4  Tests  on  Prestressed  Concrete  11 

2- 5  Combined  Stresses  12 

CHAPTER  III  DESCRIPTION  OF  TESTING  EQUIPMENT 

3- 1  Torsion  Testing  Rig  14 

3-2  Twistmeter  17 

vi 


0 


Cl 


(. 


Vll 


TABLE  OF  CONTENTS  (continued) 

PAGE 

CHAPTER  IV  DESCRIPTION  OF  MATERIALS,  FABRICATION 
AND  TEST  SPECIMENS 

4-1  Materials  27 

4-2  Electrical  Strain  Gages  30 

4-3  Moulds  33 

4-4  Casting  and  Curing  35 

4-5  Control  Specimens  35 

4- 6  Description  of  Test  Specimens  39 

CHAPTER  V  PRESENTATION  OF  TEST  RESULTS 

5- 1  The  Testing  Procedure  45 

5-2  Test  Results  47 

5- 3  General  Behaviour  83 

CHAPTER  VI  DISCUSSION  OF  TEST  RESULTS 

6- 1  Tensile  Strength  of  Concrete  88 

6-2  Cracking  Torque  90 

6-3  Torsional  Strength  95 

6-4  Torsional  Stiffness  102 

6-5  Effect  of  Longitudinal  Reinforcement  Only  103 

6-6  Effect  of  Varying  Lateral  Steel  104 

6-7  Effect  of  Position  and  Size  of  Longitudinal 

Bars  104 

6-8  Effect  of  Bar  Size  of  Transverse  Steel  105 

6-9  Effectiveness  of  Ties  105 

6-10  Effect  of  Steel  Strength  106 

6-11  Steel  Stresses  106 


! 


( 


Vlll 


TABLE  OF  CONTENTS  (continued) 


PAGE 


CHAPTER  VII  SUMMARY  AND  CONCLUSIONS 


7-1 

Summary 

108 

7-2 

Cone lusions 

108 

BIBLIOGRAPHY 

APPENDIX  A  ELASTIC  THEORY 

A-  1 

Circular  Section 

A  1 

A- 2 

Non-circular  Section 

A  2 

A- 3 

Membrane  Analogy 

A  13 

A-4 

Rectangular  Section 

A  15 

APPENDIX  B  PLASTIC  THEORY 

B-l 

Circular  Section 

B  1 

B-2 

Non-circular  Section 

B  2 

B-3 

Sand  Heap  Analogy 

B  3 

( 


LIST  OF  TABLES 


TABLE 

PAGE 

IV- I 

Physical  Properties  of  Sand 

27 

IV- 2 

Sieve  Analysis  of  Sand 

28 

IV- 3 

Physical  Properties  of  Coarse  Aggregate 

28 

IV-4 

Sieve  Analysis  of  Coarse  Aggregate 

29 

IV- 5 

Strength  Properties  of  Reinforcement 

30 

IV-6 

Test  Results  of  Control  Specimens 

(28  Day  Tests) 

38 

IV- 7 

Details  of  Specimens 

43 

V-l 

Co-relation  Between  Staff  Reading  and 

Lever  Arm 

47 

V-  2 

Specimen  A . 1 

48 

V-  3 

"  A.  2 

49 

V-4 

"  A.  3 

49 

V-  5 

"  B.  1 

51 

V-  6 

"  B.2 

51 

V-  7 

"  C.l 

53 

V-8 

"  C.2 

53 

V-  9 

"  D.  1 

55 

V-10 

"  D  .  2 

55 

V-ll 

"  E.  1 

57 

V-  12 

"  E  .  2 

57 

V-  13 

"  F.  1 

59 

V-  14 

"  F.  2 

59 

V-  15 

"  G .  1 

61 

V-  16 

"  G .  2 

ix 

61 

-A,  ,  JB  IJ: 


i 


X 


LIST  OF  TABLES  (continued) 


TABLE 

PAGE 

V-  17 

Specimen  H . 1 

63 

V-  18 

"  H .  2 

63 

V-  19 

"  I.  1 

65 

V-  20 

"  1.2 

65 

V-  21 

"  J.  1 

67 

V-  22 

"  J.  2 

67 

V-  23 

"  K.  1 

69 

V-  24 

"  K.  2 

69 

V-  25 

"  L.  1 

71 

V-  26 

"  L .  2 

71 

V-  27 

"  M.  1 

73 

V-  28 

"  M.  2 

74 

V-  29 

"  N.  1 

79 

V-  30 

"  N .  2 

80 

V-  31 

"  N .  3 

81 

VI- 1 

Overall  Average  Values  of  the  Compressive  Strength, 

The  Tensile  Strength  and  the  Modulus  of  Rupture 

91 

VI-2 

Weighted  Average  Values  of  Tensile  Strength 

92 

VI-3 

Rotations,  Cracking  Torques  and  Ultimate  Torques 

of  Specimens 

96 

VI-4 

Contribution  of  Steel  to  the  Ultimate  Torque 

99 

VII-1 

Principal  Test  Results 

109 

A-  1 

Table  of  Constants 

A  19 

B-l 

Ratio  of  Elasto-Plastic  to  Plastic  Resisting 

Torque  for  Various  Values  of  Plasticity  Ratio 

B  2 

j 


. 


LIST  OF  FIGURES 


FIGURE 

PAGE 

3.1(a) 

) 

Torsion  Testing  Rig  .Elevation 

Showing  General  Arrangement 

19 

3.1(b) 

Plan  Showing  General  Arrangement  of 
Torsion  Testing  Rig 

20 

3.1(c) 

General  View  of  Testing  Rig  from  West 

Side 

21 

3.1(d) 

General  View  of  Testing  Rig  from  East 

S  ide 

21 

3.2 

Details  of  Grip  and  Support  S 

22 

3.3 

Loading  Arrangement  and  Movable  Cross- 

arm  Details 

23 

3.4 

Details  of  Pedestal  B  and  Support  S 

24 

3.5(a) 

Details  of  Twistmeter 

25 

3.5(b) 

Front  View  of  Twistmeter 

26 

3.5(c) 

Cose-up  of  Twistmeter 

26 

4.  1 

Tension  Tests  on  Reinforcement 

31 

4.2 

Tension  Tests  on  Reinforcement 

32 

4.3 

Tension  Tests  on  Reinforcement 

32 

4.4 

Details  of  Mould 

34 

4.5 

Variation  of  Concrete  Compressive  Strength 

With  Time 

37 

4.6 

Variation  of  Concrete  Tensile  Strength 

With  Time 

37 

4.  7 

Reinforcement  Details 

44 

5.  1 

Co-relation  between  Staff  Reading  and 

Lever  Arm 

46 

5.2 

Torque-Rotation  Curves  -  Specimens  A 

50 

5.3 

Torque-Rotation  and  Torque-Steel  Stress  Curves  - 
Specimens  B 

52 

XI 1 


LIST  OF  FIGURES  (continued) 

FIGURE  PAGE 

5.4  Torque-Rotation  and  Torque-Steel  Stress  Curves  - 

Specimens  C  54 

5.5  Torque  Rotation  Curves  -  Specimens  D  56 

5.6  Torque  Rotation  Curves  -  Specimens  E  58 

5.7  Torque  Rotation  and  Torque-Steel  Stress  Curves  - 

Specimens  F  60 

5.8  Torque-Rotation  Curves  -  Specimens  G  62 

5.9  Torque-Rotation  and  Torque-Steel  Stress  Curves  - 

Specimens  H  64 

5.10  Torque-Rotation  and  Torque-Steel  Stress  Curves  - 

Specimens  I  66 

5.11  Torque-Rotation  and  Torque-Steel  Stress  Curves  - 

Specimens  J  68 

5.12  Torque-Rotation  and  Torque-Steel  Stress  Curves  - 

Specimens  K  70 

5.13  Torque-Rotation  and  Torque-Steel  Stress  Curves  - 

Specimens  L  72 

5.14  Torque-Rotation  and  Torque-Steel  Stress  Curves  - 

Specimens  M  75 

5.15  Test  Specimen  M.l  at  Effective  Twisting  Moment  of 

7030  Pound  Inches  76 

5.16  Test  Specimen  M.l  at  Effective  Twisting  Moment  of 

8100  Pound  Inches  76 

5.17  Test  Specimen  M.l  Seen  from  East  Side  after  Collapse  77 

5.18  Test  Specimen  M.l  Seen  from  West  Side  after  Collapse  77 

5.19  Test  Specimen  M.2  Seen  from  West  Side  after  Collapse  78 

5.20  Test  Specimen  M.2  Seen  from  East  Side  after  Collapse  78 


j  -'j;  bi  .  -  /  :'  Jo./ 

. 

.  ■  auiviv.fio*? iq3 

3  J'i'O-..-  i;r. «  froi.:.'.:  loM  -■v.yp'fO.T 


Xll  1 


LIST  OF  FIGURES  (continued) 


FIGURE  PAGE 


5.21 

Torque-Rotation  and  Torque-Steel  Stress  Curves  - 
Specimens  N 

82 

5.22 

Specimens  A  Through  G  after  Test 

84 

5.23 

Specimens  A  Through  F  after  Test 

84 

5.24 

Specimens  A  Through  G  after  Test 

85 

5.25 

Specimens  A  Through  G  after  Test 

85 

5.26 

Specimens  H  Through  N  after  Test 

86 

5.27 

Specimens  H  Through  N  after  Test 

86 

5.28 

Specimens  H  Through  N  after  Test 

87 

5.29 

Specimens  K  Through  N  after  Test 

87 

6.1 

Relation  Between  Compressive  and  Tensile  Strength 

93 

6.2 

Relation  Between  Modulus  of  Rupture  and  Tensile 
Strength 

94 

6. 3(a) 

Actual  Cracking  Torques  of  Specimens 

97 

6.3(b) 

Measured  Average  Cracking  Torques  of  Various 

Types  of  Specimens 

97 

6.4 

Cracking  and  Ultimate  Torques 

100 

6.5 

Contribution  of  Lateral  Reinforcement  to  the 
Torsional  Strength 

101 

A.  1 

Stresses  on  an  Infinitesimal  Element 

A  5 

A.  2 

Stresses  on  a  Tetrahedron 

A  5 

A. 3 

Co-ordinate  System 

A  5 

A. 4 

Boundary  Element 

A  8 

A. 5 

Membrane  Analogy 

A  8 

A. 6 

Rectangular  Section 

A  8 

c  ■ 


....  ■  •  ,  ■  ■ 


. 


■ 


CHAPTER  I 


INTRODUCTION 


1-1  Introductory  Remarks 

One  of  the  topics  in  the  field  of  concrete  in  which  probably 
the  least  has  been  done  is  the  strength  and  behaviour  in  torsion  either 
alone  or  in  conjunction  with  bending  and  shear.  This  is  apparent  when 
compared  to  the  volume  of  work  done  in  the  study  of  flexure,  shear  and  axial 
stresses.  This  is  partly  due  to  the  fact  that  torsional  stresses  are  not 
of  such  common  occurrence  as  shear  and  flexural  stresses.  Besides,  in 
many  instances  the  torsional  stresses  are  only  of  secondary  nature  and 
are  generally  either  totally  ignored  or  vaguely  allowed  for  by  reducing 
the  permissible  shear  stresses.  This  lack  of  knowledge  of  the  torsional 
stresses  in  concrete  section  is  reflected  by  the  fact  that  most  building 
codes  make  no  specific  provisions  for  designing  concrete  section  submitted 
to  torsion. 

With  the  development  of  the  concrete  industry  more  and  more 
structures  sustaining  torsional  loads  are  being  evolved.  Elaborate 
methods  of  analysis  are  now  available  to  determine  the  stresses  and 
deformations  in  monolithic  structures  particularly  the  edge  members  of 
slabs  and  shells.  The  need  for  proper  understanding  of  torsional  stresses 
is  now  more  keenly  felt  than  ever  before. 

The  experimental  work  done  in  the  field  of  torsional  stresses 
in  prismatic  members  has  left  many  issues  in  dispute.  The  investigators 
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disagree  on  many  vital  points.  Besides  some  of  the  many  variables  involved 
have  never  been  investigated.  Whereas  the  plastic  theory  is  now  generally 
recognised  for  predicting  the  ultimate  flexural  strength  of  concrete 
members,  its  status  with  regard  to  torsional  stresses  is  still  in  dispute. 

Both  Nylander  (23),f  and  Gardner  (16)  prefer  the  plastic  theory.  Cowan  (11) 
and  Zia  (32)  on  the  other  hand,  prefer  the  elastic  theory  on  the  ground 
that  the  strain  capacity  is  not  enough  to  effect  a  significant  stress 
redistribution. 

There  is  no  rational  or  accepted  procedure  for  design  of  concrete 
sections  in  torsion  with  or  without  shear  and  bending.  The  contribution 
of  steel,  both  longitudinal  and  transverse,  in  increasing  the  torsional 
strength  of  reinforced  concrete  sections  has  been  estimated  differently 
by  the  investigators.  Whereas  some  investigators  feel  that  the  gain  over 
the  torsional  strength  of  plain  concrete  sections  is  not  significant, 
others,  notably  Ernst  (15),  report  that  the  torsional  strength  may  be 
more  than  doubled  by  provision  of  suitable  reinforcement. 

The  effects,  if  any,  of  the  disposition  and  bar  size  of  longitudinal 
reinforcement,  the  bar  size  of  transverse  steel  and  the  strength  properties 
of  reinforcing  steel,  have  yet  to  be  investigated  in  some  detail. 

The  tests  reported  herein,  together  with  the  related  analyses, 
are  an  attempt  to  understand  more  fully  the  behaviour  of  torsional 
stresses  in  concrete  sections. 
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1-2  Object 

In.  the  first  series,  reported  herein,  the  following  variables 
were  studied: 

(1)  Percentage  of  longitudinal  steel. 

(2)  Percentage  of  transverse  steel. 

(3)  Position  and  size  of  longitudinal  bars. 

(4)  Effect  of  bar  size  of  ties. 

(5)  Effectiveness  of  ties  for  two  different  overlaps;  Types  P  &  Q. 

(6)  Strength  of  reinforcing  steel. 

The  concrete  strength  was  not  intended  as  a  variable.  It, 
however,  varied  slightly  for  the  different  specimens.  Compression  and 
split  tests  on  control  cylinders  and  flexure  tests  on  companion  specimens 
were  conducted  to  study  the  inadvertent  variation  in  the  concrete  strength. 
Due  to  the  importance  of  the  tensile  strength  in  assessing  the  torsional 
strength,  the  relationship  between  the  compressive  strength,  the  tensile 
strength  and  the  Modulus  of  rupture  was  examined. 

The  object  of  the  investigation  was  to  study  more  closely  the 
nature  of  torsional  stresses,  the  suitability  or  otherwise  of  elastic 
and  plastic  theories  and  the  part  played  by  steel  of  varying  amount  and 
disposition  in  modifying  the  behaviour  of  concrete  sections  in  torsion. 

1-3  Scope 

Thirty  beams  were  tested.  All  specimens  were  square  -  4"  x  4" 
in  cross-section.  Three  beams,  Type  A,  were  of  plain  concrete  and  the 


rest  were  reinforced  in  such  a  way  as  to  cover  the  variables  under  study. 
There  were  two  specimens  of  each  type,  except  types  A  and  N,  each  of  which 
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had  three  specimens. 

The  concrete  cylinder  strength  varied  from  3335  to  4190  psi, 
the  tensile  strength  from  325  to  368  psi  and  the  Modulus  of  rupture 
from  577  to  670  psi. 

Three  different  grades  of  steel  were  used.  The  yield  point 
stress  varied  from  24,110  to  58,860  psi.  The  ultimate  strength  varied 
from  42,330  to  83,460  psi.  The  size  of  steel  varied  from  0.144"  (No.  7 
SWG)  to  3/8"  diameter.  Both  deformed  and  plain  rods  were  used. 

The  amount  of  longitudinal  steel  varied  from  nothing  to  2.75 
percent  and  that  of  transverse  steel  from  nothing  to  2.72  percent.  Also 
for  the  same  percentage  of  longitudinal  or  transverse  steel,  the  rods  were 
selected  in.  different  sizes  and  relative  positions  in  the  specimens 
to  study  their  effect  upon  the  behaviour  of  the  specimen. 

1-4  Notations 


All  the  notations  are  explained  when  they  are  first  introduced. 
They  are  collected  here  for  ready  reference. 


x,  y,  z 
N 

1,  m,  n 
A 

q 

X,  Y,  Z 
X,  Y,  Z 
T 


Rectangular  co-ordinates 

Outward  normal  to  the  surface  of  a  body. 

Direction  cosines  of  outward  normal. 

Cross-sectional  area. 

Intensity  of  continuously  distributed  load 
Components  of  body  force  per  unit  volume. 

Components  of  distributed  surface  force  per  unit  area. 
Twisting  moment. 

Elastic  resisting  torque. 
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T 

P 

Plastic  resisting  torque. 

T 

EP 

E lasto-plastic  resisting  torque. 

T 

Ultimate  torque. 

Tcr 

Cracking  torque. 

Ts 

Contribution  of  steel  to  the  ultimate  torque. 

<X x>  ^Ty>  G"z 

Normal  components  of  stress  parallel  to  x,  y  and  z  axes. 

T 

Shearing  stress. 

Txy>  Txz’  Tyz 

Shearing  stress  components  in  the  rectangular  co-ordinates 

"Tmax 

Maximum  shearing  stress. 

S 

Force  per  unit  length;  slope  or  length  of  a  curve. 

u,  v,  w 

Components  of  displacements. 

e 

Unit  elongation;  plasticity  ratio. 

sx,  ty,  4 

Unit  elongations  in  x,  y  and  z  directions. 

Y 

Unit  shear  strain. 

Yxy>  'Vxz*  Yyz 

Shear  strain  components  in  rectangular  co-ordinates. 

E 

Modulus  of  elasticity  in  tension  or  compression. 

G 

Modulus  of  elasticity  in  shear.  Modulus  of  rigidity. 

Poisson's  ratio. 

4 

Stress  function  (elastic). 

h 

Plastic  stress  function. 

J 

The  polar  moment  of  inertia. 

K 

Torsion  constant. 

r 

Variable  distance  from  axis. 

R 

Radius  of  circular  section.  Stress  factor. 

0 

The  angle  of  twist  per  unit  length. 

£ 

A  function  equal  to  ^/G0. 
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A  function  defining  longitudinal  warping.  (Eq.  A . 6) 
Cylinder  strength  of  concrete. 

Tensile  strength  of  concrete. 

Modulus  of  Rupture  of  concrete. 

d  The  shorter  and  longer  side  of  a  rectangular  section. 


CHAPTER  II 


REVIEW  OF  PREVIOUS  WORK 


2-1  Introduction 

Coulomb  (5)  first  developed  in  1784  the  theory  of  torsion  for 
circular  prismatic  bars  assuming  that  the  cross-sections  of  the  bar  remain 
plane  and  rotate  without  distortion  during  twist.  This  theory  was  later 
(1864)  applied  by  Navier  (29)  to  prismatical  bars  of  non-circular  sections. 
Making  the  above  assumption,  he  arrived  at  the  erroneous  conclusions  that 
for  a  given  torque,  the  angle  of  twist  of  bars  is  inversely  proportional 
to  the  centroidal  polar  moment  of  inertia  of  the  cross-section  and  that 
the  maximum  shearing  stress  occurs  at  the  points  most  remote  from  the 
centroid  of  the  cross-section. 

The  correct  solution  of  the  problem  of  torsion  of  prismatical 
bars  was  first  given  by  Saint  Venant  (25)  by  using  the  so-called  semi¬ 
inverse  method.  He  assumed  that  the  deformation  of  a  twisted  shaft 
consists  of  (a)  rotations  of  the  cross-section  as  in  the  case  of  cir¬ 
cular  shaft  and  (b)  warping  of  the  cross-section  which  is  the  same  for 
all  cross-sections. 

A  significant  development  in  the  theory  of  torsion  was  the 
introduction  of  the  stress  function  by  L.  Prandtl  (29)  who  also  proposed 
the  membrane  analogy  for  the  torsion  problem.  Nadai  (22)  has  suggested  the 
corresponding  analogy  called  sand  heap  analogy  based  on  full  plasticity. 
More  recently,  the  membrane  analogy  has  been  extended  to  cover  partial 
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plasticity  by  assuming  a  roof  of  constant  slope  erected  over  the  membrane. 

Thus  a  problem,  for  which  no  analytical  solution  exists,  has  been  tackled 
by  a  physical  analogy. 

2- 2  Tests  on  Plain  Concrete 

Tests  conducted  by  Morsch  (21)  at  Stuttgart  in  1903-4  indicated 
that  the  plain  concrete  sections  fractured  as  soon  as  the  first  45°  helical 
crack  was  formed.  Miyamoto  (20)  also  reported  similar  results  for  16  plain 
concrete  specimens  tested  by  him.  Turner  and  Davies  (30)  reported  that 
at  ultimate  torque,  the  stress  across  the  section  was  nearly  uniform, 
specially  for  1 T '  sections.  The  specimens  exhibited  partial  plasticity. 

He  also  found  that  in  the  elastic  range,  the  torque-deformation  curve 
was  nearly  straight.  This  portion  of  the  curve  did  not  change  due  to 
addition  of  reinforcement.  It  was  implied  that  the  reinforcement  did 
not  increase  the  stiffness  of  the  specimen.  Andersen  (1)  tested  6  circular 
plain  concrete  specimens.  He  reported  that  the  specimens  showed  no  ductility 
and  collapsed  at  the  formation  of  first  45°  crack. 

On  the  basis  of  tests  on  circular  and  rectangular  sections, 

Marshall  and  Tembe  (19)  reported  that  the  maximum  shear  stress  in  a  rec¬ 
tangular  section  was  a  function  of  the  ratio  of  sides,  increasing  for 
higher  values  of  this  ratio. 

Nylander  (23)  preferred  plastic  theory  for  assessing  the  ultimate 
torsional  strength.  Cowan  (7),  however,  found  the  plastic  detrusion  too 
small  to  effect  any  significant  stress  redistribution.  Cowan  and  Armstrong  (13) 
reported  sudden  fracture  of  plain  concrete  specimens  at  the  cracking 
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2-3  Tests  on  Reinforced  Concrete 

(a)  Uni-directional  Reinforcement 

Bach  and  Graf  (4)  reported  that  the  increase  in  the  ultimate 
torsional  strength  with  addition  of  longitudinal  reinforcement  only  was 
small  being  of  the  order  of  10  percent.  Sloping  longitudinal  bars  were, 
however,  reported  to  be  more  effective.  Graf  and  Morsch  (18)  found  that 
the  increase  in  ultimate  torsional  strength  was  insignificant  with  addition 
of  either  longitudinal  or  transverse  steel  only.  Young,  Sagar  and  Hughes  (31) 
reported  that  the  ultimate  strength  did  not  increase  by  provision  of 
longitudinal  steel  only.  Tests  by  Turner  and  Davies  (30)  indicated  that  the 
longitudinal  reinforcement  alone  did  not  impart  any  ductility  to  the  specimen. 
The  failure  for  such  specimen  was  sudden  and  destructive  as  for  plain 
concrete,  specimen.  The  gain  in  strength  was  little.  Andersen  (2)  also 
reported  brittle  failure  for  specimens  with  longitudinal  steel  only.  Mar¬ 
shall  and  Tembe  (19)  agreed  with  Graf  and  Morsch  (18)  and  concluded  that 
uni-directional  reinforcement  either  longitudinal  or  transverse  did  not 
increase  the  ultimate  strength.  Nylander  (23),  who  tested  plain  and 
longitudinally  reinforced  sections  in  various  combinations  of  torsion, 
bending  and  shear,  found  the  plastic  theory  to  yield  better  results 
Cowan's  (7)  tests  indicated  no  ductility  and  insignificant  plastic 
detrusion  for  longitudinally  reinforced  specimens.  Ernst  (15)  reported 
that  the  ultimate  torsional  strength  is  increased  when  either  the  longitudinal 
or  the  transverse  steel  is  increased. 

(b)  Two-directional  Reinforcement 

Most  of  the  investigators  conducted  tests  on  specimens  having 
both  longitudinal  and  transverse  steel.  Graf  and  Morsch  (18)  reported 
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significant  increase  in  torsional  strength.  Miyamoto  (20)  reported  that 
the  reinforced  specimens  had  a  greater  cracking  torque  and  significantly 
greater  ultimate  capacity  as  compared  to  corresponding  plain  specimens. 

The  cracks  were  at  45°  as  for  plain  specimens.  Miyamoto  reported  that 
the  behaviour  was  neither  completely  elastic  nor  completely  plastic. 

Turner  and  Davies  (30)  found  the  stress  distribution  to  be  practically 
uniform  over  the  entire  section.  They  reported  the  torque-rotation  curve 
to  be  almost  straight  in  the  elastic  range.  The  reinforcement  had  no 
effect  on  this  portion  of  the  curve.  Andersen  (1)  reported  considerable 
ductility  after  first  cracking.  The  torque-deformation  curve  in  the  elastic 
range  was  dependent  on  the  geometry  of  the  cross-section  and  the.  concrete 
strength.  Beyond  the  elastic  range,  reinforcement  had  a  dominating  effect 
on  the  shape  of  the  torque- deformation  curve.  Marshall  and  Tembe  (19) 
tested  specimens  with  longitudinal  bars  and  transverse  ties.  They  reported 
that  the  same  stress  was  induced  in  both  sets  of  reinforcement  if  their 
percentages  were  equal.  Cowan  (7)  reported  that  the  initial  stiffness 
did  not  depend  on  the  type  or  amount  of  reinforcement.  The  reinforced 
specimens  were  reported  to  have  considerable  ductility.  There  was  little 
stress  in  steel  up  to  cracking.  The  stress  rose  quickly  to  yield  stress 
at  the  ultimate  torque.  The  shape  of  the  torque- rotat ion  curve  beyond 
the  cracking  torque  was  dominated  by  the  percentage  and  disposition  of 
reinforcement.  Ernst  (15)  reported  that  the  cracking  torque  did  not  depend 
on  the  reinforcement.  There  was  a  marked  reduction  in  stiffness  after 
cracking.  The  ultimate  torque  was  reported  to  have  increased  considerably 
by  provision  of  adequate  reinforcement. 
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(c)  Helical  Reinforcement 

Morsch  (21)  reported  considerable  increase  in  shear  stress  and 
cracking  torque  by  provision  of  45°  helical  reinforcement.  Bach  and  Graf  (4) 
reported  considerable  increase  in  ultimate  capacity.  Graf  and  Morsch  (18) 
reported  that  whereas  the  cracking  torque  was  unaffected,  the  ultimate 
torque  was  more  than  doubled  by  provision  of  helical  reinforcement.  Young, 
Sagar  and  Hughes  (31)  reported  that  the  ultimate  torsional  strength  increased 
in  proportion  to  the  percentage  of  helical  reinforcement.  A  significant 
increase  in  ductility  was  reported.  Andersen  (1)  also  reported  considerable 
ductility  for  specimens  with  spiral  steel.  He  found  the  helical  reinforce¬ 
ment  to  be  the  most  efficient  form  of  reinforcement  for  pure  torsion. 

2-4  Tests  on  Prestressed  Concrete 

Tests  on  prestressed  concrete  sections  in  torsion  were  carried 
out  by  Cowan  and  Armstrong  (13),  Humphreys  (17),  Gardner  (16)  and  Zia  (32). 

Cowan  and  Armstrong  tested  their  specimens  in  combined  bending 
and  torsion.  They  reported  certain  interaction  between  bending  and  torsion. 

A  small  bending  moment  increased  the  torsional  strength.  The  inclination 
of  the  cracks  to  the  axis  depended  upon  the  ratio  of  bending  and  twisting 
moments.  The  prestressing  increased  both  the  bending  and  torsional 
strengths  considerably. 

Humphreys  tested  94  axially  and  eccentrically  prestressed  sec¬ 
tions  in  pure  torsion.  He  found  the  elastic  theory  to  yield  satisfactory 
results.  The  specimens  failed  due  to  diagonal  tension  distress  unless  such 
failure  was  inhibited  by  high  prestress.  The  crack  inclinations  were  in 
conformity  with  the  elastic  theory.  The  criterion  of  maximum  principal 
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stress  was  found  to  be  satisfactory  for  predicting  the  ultimate  strength 
for  specimens  failing  in  tension. 

Gardner  reported  considerable  ductility  after  first  cracking 
for  'I'  section  prestressed  beams  without  web  reinforcement.  The  cracks 
first  formed  in  the  web  but  the  specimen  did  not  fail  until  the  cracks 
propagated  through  the  flanges.  Plastic  theory  was  preferred  for  pre¬ 
dicting  the  ultimate  torsional  strength. 

Zia,  on  the  basis  of  his  extensive  tests,  reported  abrupt 
failure  for  rectangular  and  1 T ’  sections.  The  'I'  sections,  however, 
showed  considerable  ductility.  They  did  not  fail  till  the  whole  section, 
including  the  flanges,  attained  ultimate  tensile  strength.  This  was  in 
agreement  with  the  findings  of  Gardner.  The  specimens  with  web  reinforcement 
also  showed  considerable  ductility.  Zia  agreed  with  Cowan  and  preferred 
elastic  theory  for  predicting  the  strength  of  the  specimens. 

2-5  Combined  Stresses 

Very  few  tests  have  been  carried  out  on  concrete  specimens  sub¬ 
jected  to  torsion  and  bending  with  or  without  shear.  Nylander  (23), 

Cowan  and  Armstrong  (13)  and  Gardner  (16)  have  reported  tests  involving 
combined  stresses. 

Nylander  tested  60  specimens  in  various  combinations  of  bending 
moment,  torque  and  shear.  The  specimens  were  plain  and  longitudinally 
reinforced.  He  preferred  plastic  theory  for  predicting  the  ultimate  capacity. 

Cowan  and  Armstrong  tested  plain,  reinforced  and  prestressed 
sections  in  combined  bending  and  torsion.  Plain  and  prestressed  specimens 
had  a  brittle  failure.  The  crack  pattern  depended  on  the  ratio  of  bending 


and  twisting  moments. 
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Gardner  reported  tests  on  'I'  section  prestressed  beams  in  com¬ 
bined  bending  and  torsion.  The  specimens  showed  considerable  ductility. 
Plastic  theory  was  preferred. 

While  interaction  diagrams  have  been  suggested  to  deal  with  the 
case  of  combined  bending  and  torsion,  no  such  interaction  has  been 
established  in  the  case  of  combined  torsion  and  shear.  It  has  been 
reported  that  a  small  bending  (or  twisting),  less  than  what  is  required 
for  first  cracking,  increases  the  ultimate  torsional  (or  bending)  capacity 
of  a  specimen.  The  tests  are,  however,  considered  too  few  to  be  conclusive. 
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CHAPTER  III 


DESCRIPTION  OF  TESTING  EQUIPMENT 

3- 1  Torsion  Testing  Rig 

A  simple  set-up  for  testing  the  specimens  in  pure  torsion  was 
designed  and  fabricated.  The  general  layout  of  the  testing  rig  is  shown 
in  FIGURES  3.1,  (a)  through  (d) .  The  details  of  the  various  parts  are  laid 
out  in  FIGURES  3.2,  3.3  and  3.4.  One  end  of  the  specimen  was  restrained 
from  rotation  by  securing  it  on  to  the  fixed  grip  by  wooden  wedges.  The 
other  end,  which  was  held  securely  by  the  movable  grip,  was  twisted  by  the 
movable  cross-arm.  The  torsional  moment  was  applied  by  suspending  slotted 
weights  to  one  end  of  the  movable  cross-arm.  The  force  required  to  over¬ 
come  the  frictional  resistance  in  the  pivot  was  only  one  pound.  This 
frictional  resistance  was  allowed  for  in  calculating  the  effective  twisting 
moment.  The  twist  was  measured  by  two  "twistmeters"  placed  30  inches 
apart  at  the  two  ends  of  the  gage  length.  The  principal  components  of  the 
torsion  testing  rig  are  briefly  described  below. 

(a)  Fixed  Cross-Arm 

This  consisted  of  a  IF  section  (designation  8B15)  restrained 
against  any  movement  by  eight  3/8  inch  diameter  bolts  embedded  in  concrete 
pedestals  A.  The  overall  length  of  the  cross-arm  was  104  inches  and  the 
ends  were  flush  with  the  outer  edges  of  the  pedestals.  The  cross-arm 
supported  the  fixed  grip  at  the  centre  of  its  length. 
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(b)  Fixed  Grip 

The  fixed  grip  was  a  box- like  construction  with  the  front  and 
top  open.  The  inner  dimensions  of  the  grip  were  9"  long,  9"  wide  and  12” 
deep.  The  full  details  of  the  grip  are  shown  in  FIGURE  3.2.  Two  angles 
1-1/2"  x  1-1/2"  x  1/4"  x  12-1/4"  were  welded  along  the  front  vertical  edges 
of  the  grip.  Each  of  these  angles  had  eight  holes  of  11/16  inch  diameter, 
so  that  another  angle  2"  x  2"  x  3/8"  x  15"  could  be  bolted  horizontally 
at  any  position  across  the  two  vertical  angles.  The  fixed  grip  was  supported 
by  the  fixed  cross-arm  to  which  it  was  permanently  fixed  by  welded  connecting 
wings.  Wooden  blocks  were  sandwiched  between  the  specimen  and  the  grip 
at  the  bottom  and  the  two  sides.  Wooden  wedges  were  driven  between  the 
specimen  and  the  horizontal  angle  to  secure  the  specimen  to  the  fixed  grip. 

(c)  Pedestals-A 

There  were  two  concrete  pedestals  of  overall  size  18"  x  24"  x 
36"  high.  They  supported  the  cross-arm  and  restrained  it  from  any  movement 
by  eight  embedded  bolts.  The  twisting  moment  on  the  specimen  tended  to 
lift  up  one  of  the  pedestals.  The  dead  weight  of  the  pedestal  was  enough 
to  counteract  this  lifting  effect.  The  pedestals  rested  on  the  floor  and 
had  no  special  foundation. 

(d)  Movable  Cross-Arm 

The  details  of  the  movable  cross-arm  are  shown  in  FIGURE  3.3. 

The  cross-arm,  which  was  a  rolled  steel  I-section,  rocked  on  a  1"  diameter 
pin  at  the  centre  of  its  length.  The  overall  size  of  the  cross-arm  was 
8"  x  4"  x  104".  The  cross-arm  was  supported  by  the  support  S.  Two 
longitudinal  slots  were  provided  in  the  lower  flange  of  the  cross-arm 
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through  which  the  vertical  plates  of  the  support  S  passed.  Holes  were 
provided  in  the  web  and  the  flange  of  the  cross-arm  at  50  inches  from  the 
pivot.  These  holes  were  used  to  fix  the  pointer  and  the  suspension  rod 
for  the  slotted  weights. 

(e)  Movable  Grip 

This  grip  was  identical  in  construction  to  the  fixed  grip.  It 
was  attached  permanently  to  the  movable  cross-arm  by  welded  wing  plates. 

The  end  of  the  specimen  was  secured  to  the  movable  grip  by  wooden  blocks 
and  wedges. 

(f)  Pedestal-B 

This  plain  concrete  pedestal  had  overall  dimensions  of  9”  x 
55-1/2"  at  the  top  and  24"  x  55-1/2"  at  the  bottom.  The  height  of  the  pedes¬ 
tal  was  30".  The  details  of  the  pedestal  are  shown  in  FIGURE  3.4.  This 
pedestal  carried  30  embedded  bolts  of  3/8"  diameter  in  five  groups  of  six 
bolts  each.  The  six  bolts  in  a  group  were  adequate  to  fix  the  support 
S  in  position.  These  groups  of  embedded  bolts  were  at  12"  distance  so 
that  the  support  S  could  be  shifted  by  12"  by  moving  to  the  next  group 
of  bolts.  Thus  any  specimen  whose  length  was  between  about  3  feet  and 
7  feet  could  be  tested.  The  height  of  the  pedestal  was  kept  30"  so  that 
the  two  grips  were  at  the  same  level. 

(g)  Support-S 

The  support  S,  whose  details  are  seen  in  FIGURES  3.2  and  3.4, 
could  be  fixed  in  any  desired  position  along  the  length  of  the  pedestal  B. 

It  supported  the  movable  cross-arm  by  means  of  a  pin  which  acted  as  a 
pivot  for  the  cross-arm.  The  upright  plates  of  the  cross-arm  passed  through 
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the  two  longitudinal  slots  in  the  flange.  These  slots  had  adequate  length 
to  permit  a  substantial  rotation  of  the  cross-arm.  The  upright  plates  of 
the  support  S  did  not  touch  the  ends  of  the  slots  till  the  end  of 
the  cross-arm  hit  the  floor. 

(h)  Loading  Arrangement 

The  details  of  the  loading  arrangement  are  shown  in  FIGURE  3.3. 

Cast  iron  slotted  weights,  weighing  nominally  10  and  20  lbs.,  were  applied 
to  one  end  of  the  cross-arm  by  means  of  a  suspension  rod. 

A  pointer  was  provided  at  the  centre  of  the  web  of  the  movable, 
cross-arm,  50  inches  from  the  pivot.  This  pointer  gave  the  height  on  an 
upright  staff  graduated  in  feet.  The  staff  readings  were  co-related  to  the 
lever  arm  by  direct  measurement.  A  graph  co-relating  the  staff  reading 
and  lever  arm  was  drawn  up. 

3. 2  Twistmeter 

Two  twistmeters  were  designed  and  fabricated.  The  details  of  the 
twistmeter  are  shown  in  FIGURES  3.5,  (a)  through  (c) .  A  bubble  was 
supported  on  a  channel  1-1/2"  x  1/2"  x  16".  This  channel  was  pinned  at 
one  end  and  was  supported  by  the  needle  of  a  micrometer  screw  at  the  other 
end . 

Two  slotted  angles  2-1/2"  x  1-1/2"  and  two  1/4"  bolts  formed 
a  closed  frame  which  could  be  clamped  in  any  desired  position  on  the  specimen. 
Bolts  of  suitable  length  could  be  used  to  accommodate  specimens  of  any  size. 
The  micrometer  screw  was  fixed  to  one  end  of  the  top  slotted  angle.  By 
working  on  the  micrometer,  the  bubble  could  be  brought  to  the  centre.  The 
least-count  of  the  micrometer  was  0.001  inch.  The  distance  between  the 
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pin-end  of  the  channel  and  the  axis  of  the  micrometer  was  adjusted  to  be 
exactly  15  inches.  Thus  if  the  micrometer  screw  had  to  be  worked  through 
x  inches  to  bring  the  bubble  back  to  the  centre,  the  angle  of  rotation  was 
arc  tan  (x/15) .  Since  for  small  angles,  the  tangent  is  equal  to  the  angle 
itself  in  circular  measure,  the  angle  of  rotation  was  also  x/15  radians. 

The  gage  length  used  in  testing  was  30  inches,  the  two  twistmeters  being 
fixed  at  the  ends  of  the  gage  length.  If  the  movable  end  micrometer  had 
to  be  worked  through  d-^  inches  and  the  fixed  end  micrometer  through  62 
inches  for  bringing  the  bubbles  back  to  the  centre  for  any  load  increment, 
the  net  rotation  for  the  whole  gage  length  was  (d^  -  d^/lb  radians. 

Hence  the  detrusion  per  inch  length  of  the  specimen  was  (d-^  -  d^)  /450 
radians . 

Since  two  twistmeters  were  used  and  the  difference  of  the  two 
micrometer  readings  taken,  the  net  rotation  between  the  two  ends  of  the 
gage  length  was  obtained.  Any  yielding  of  the  wedges  in  the  grips  did 
not  enter  the  calculations. 

The  twistmeters  were  sensitive  to  even  very  small  angle  changes. 
Even  one  pound  weight  added  to  the  movable  cross-arm  could  displace 
the  bubble.  The  sensitivity  of  the  twistmeter  could  be  further  increased 
by  increasing  the  length  of  the  supporting  channel,  using  a  more  sensitive 
bubble  or  a  micrometer  screw  of  smaller  least  count. 

The  channel  which  supports  the  bubble  had  a  small  longitudinal 
V  groove  on  the  underside  of  the  channel.  The  needle  of  the  micrometer 
screw  was  thus  constrained  to  move  along  this  groove  in  a  straight  line. 

The  micrometer  screw  had  two  extra  needles  which  were  exactly  1 

inch  and  2  inches  longer  than  the  third  one.  Thus  the  run  of  the  micrometer 
could  be  extended  from  1  inch  to  3  inches. 
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FIGURE  3.1(c)  GENERAL  VIEW  OF  TESTING  RIG  FROM  WEST  SIDE 


FIGURE  3.1(d)  GENERAL  VIEW  OF  TESTING  RIG  FROM  EAST  SIDE 
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FIGURE  3.4  DETAIL  OF  PEDESTAL  B  AND  SUPPORT 
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FIGURE  3.5(b)  FRONT  VIEW  OF  TWISTMETER 


FIGURE  3.5(c)  CLOSE-UP  OF  TWISTMETER 


CHAPTER  IV 


DESCRIPTION  OF  MATERIAL, 
FABRICATION  AND  TEST  SPECIMENS 


4- I  Materials 

(a)  Cement 

Vc 

The  high  early  strength  cement  supplied  in  paper  bags  by  the 
Inland  Cement  Company  was  used  for  all  the  specimens.  The  cement  was 
stored  under  proper  conditions  until  it  was  used. 

(b)  Sand 

The  properties  of  the  sand  are  given  in  TABLES  IV- 1  and  IV-2. 
The  tests  were  conducted  according  to  A.S.T.M.  Standards,  1961,  Part  4. 

TABLE  IV- 1 

PHYSICAL  PROPERTIES  OF  SAND 


Material 

Absorption 

Color 

Test 

Specific  Gravity 

Bulk 

Apparent 

Saturated 
Surface  Dry 

Sand 

1.28% 

No.  1** 

2.53 

2.62 

2.57 

The  earlier  tests  on  this  type  of  cement  gave  an  initial  setting  time 
of  4  hours  25  minutes  and  final  setting  time  of  5  hours  and  25  minutes 
The  water  required  for  normal  consistency  was  34.4  percent.  The  ten¬ 
sile  strengths  at  one,  three  and  seven  days,  taken  from  the  average  of 
three  briquettes,  were  respectively  411,  655  and  749  psi. 

xxOrganic  plate  No.  1. 
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TABLE  IV- 2 

SIEVE  ANALYSIS  OF  SAND 


Sieve  Size 

Weight  retained 
Cems) 

%  retained 

Cumulat ive 
70  retained 

A.S.T.M.  Standard 

No.  4 

9.8 

2.0 

2.0 

0-5 

No.  8 

61.3 

12.2 

14.2 

No.  16 

66.3 

13.2 

27.4 

20-55 

No.  30 

46.0 

9.2 

36.6 

No.  50 

179.0 

35.8 

72.4 

70-90 

No.  100 

101.9 

20.4 

92.8 

90-98 

Pan 

27.5 

5.5 

- 

Silt 

8.9 

1.8 

- 

Total 

500.7 

100.1 

245.4 

Fineness  Modulus  2.45 

Material  passing  No.  200  sieve  =  1.8  percent. 

The  average  moisture  content  of  sand  was  found  to  be  4.9  percent. 


(c)  Coarse  Aggregate 

The  coarse  aggregate  used  was  crushed  rock,  3/4  inch  maximum 
size.  The  physical  properties  of  coarse  aggregate  are  given  in  TABLES  IV-3 
and  IV-4.  The  tests  were  performed  according  to  the  A.S.T.M.  Standards, 
1961,  Part  4. 

TABLE  IV-3 

PHYSICAL  PROPERTIES  OF  COARSE  AGGREGATE 


Material 

Absorption 

7, 

Dry  Rodded 
Unit  Weight 
lbs /eft 

Specific  Gravity 

Bulk 

Apparent 

Saturated 
Surface  Dry 

Crushed 

rock 

1.48 

96 

2.54 

2.64 

2.58 

- ...  —  .  .... 
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TABLE  IV- 4 

SIEVE  ANALYSIS  OF  COARSE  AGGREGATE 


Sieve  Size 

Weight  Retained 
(lbs) 

%  Retained 

Cumulative 

7o  Retained 

3/4" 

0.2 

1.7 

1.7 

3/8" 

8.8 

75.2 

76.9 

No.  4 

2.6 

22.2 

99.1 

Pan 

0.1 

0.9 

100.0 

Total 

11.7 

100.0 

277.  7 

_ _ 

(d)  Concrete  Mix 

The  concrete  mix  was  the  same  for  all  specimens.  The  materials 
used  for  a  3  cu.ft.  concrete  mix  were: 


(i) 

water 

42. 

.4 

lbs 

(ii) 

cement 

62. 

.  7 

lbs 

(iii) 

sand 

167. 

,0 

lbs 

(iv) 

coarse 

aggregate 

The  water  cement  ratio  was  fairly  high  (0.68)  so  that  a  good 
workability  was  obtained.  Good  workability  was  necessary  because  the 
reinforcement  was  fairly  congested  in  some  of  the  specimens.  All  materials 
were  proportioned  by  weight  to  ensure  greater  uniformity. 


(e)  Reinforcement 

The  load  deformation  characteristics  of  the  reinforcement  were 
determined  by  obtaining  coupon  tests  on  2  specimens  of  standard  No.  3 
deformed  bar  and  3  specimens  each  of  No.  2  plain  rods  and  No.  7  SWG 
(0.144"  diameter)  wire.  The  load-deformation  curves  for  the  reinforcing 
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steel  are  shown  in  FIGURES  4.1,  4.2  and  4.3.  The  average  yield  point 
stress  for  No.  3  rods  was  fairly  high  (58,860  psi)  and  fairly  low  for 
the  0.144"  diameter  wire  (24,110  psi).  The  corresponding  ultimate 
stresses  were  83,460  and  42,330  psi  respectively.  The  1/4"  bars  had 
intermediate  values;  the  yield  point  stress  and  ultimate  stress  were 
47,490  and  56,330  psi  respectively.  The  observations  and  the  calcu¬ 
lations  are  given  in  TABLE  IV-5. 


TABLE  IV-5 

STRENGTH  PROPERTIES  OF  REINFORCEMENT 


Cross- 

Ave . 

Bar 

Sect . 

Y.P. 

Y.P. 

Y.P. 

Ult. 

Ave . 

Ult. 

Size 

Spec . 

Area 

Load 

Load 

Stress 

Load 

U.L. 

Stress 

(in) 

No. 

(sq. in) 

(lbs) 

(lbs) 

(psi) 

(lbs) 

(lbs) 

(psi) 

Remarks 

3/8 

1 

0.  110 

6570 

6475 

58,860 

9280 

9180 

83,460 

standard 

2 

6380 

9080 

deformed 

reinforcing 

bar 

1/4 

1 

2340 

2750 

plain 

2 

0.049 

2250 

2327 

47,490 

2650 

2760 

56,  330 

reinforcing 

3 

2390 

2880 

bar 

0.  144 

1 

380 

670 

low 

No.  7 

2 

0.0163 

400 

393 

24, 110 

700 

690 

42,330 

strength 

SWG 

3 

400 

700 

black  wire 
supplied 
in  coils 

4-  2  Electrical  Strain  Gages 


SR-4  electrical  strain  gages  were  mounted  on  the  reinforcement, 
both  longitudinal  and  transverse.  A- 18,  A- 7,  and  A-5.S6  gages  were  used. 
The  particulars  of  these  gages  are  given  below: 


> 
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LOAD  IN  POUNDS 
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OA.D  IN  00  UN  DS  LOAD  IN  POUNDS 
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A- 18  Type  Gages 

Resistance:  119.5  +  0.3  ohms 

Gage  Factor:  1.81  +  2% 


Lot  No: 


B-  31 


A- 7  Type  Gages 

Resistance:  120.0  +0.3  ohms 

Gage  Factor:  1.97  +  2% 


Lot  No: 


B-  31 


A-5-S-6  Type  Gages 

Resistance:  120.4+  0.2  ohms 

Gage  Factor:  2.00  +  1% 


Lot  No: 


B- 29-02 


On  the  specimens  type  N,  the  gages  were  mounted  after  casting 


and  curing.  Small  ducts  were  left  to  obtain  access  to  the  reinforcement. 

For  all  other  specimens,  the  gages  were  mounted  on  the  reinforcement 
before  casting.  The  gages  were  mounted  according  to  the  manufacturer's 
instructions.  All  scale  was  removed  and  a  smooth  surface  obtained  by 
using  a  fine  file  and  emergy  paper.  The  surface  was  thoroughly  cleaned  by 
acetone.  Household  cement  was  used  as  the  adhesive.  Three  coats  of 
neoprene  were  applied  for  water-proofing.  As  a  further  protection, 
insultation  tape  was  used.  The  leads  were  kept  as  short  as  possible  and  the 
connections  were  soldered. 

4-3  Moulds 


3/4  inch  plywood  was  used  for  making  the  moulds.  The  details 


of  the  mould  are  shown  in  FIGURE  4.4.  Four  such  moulds  were  made  so  that 
four  beams  could  be  cast  from  a  single  batch.  In  addition  to  the  two 
bolts  at  the  ends  of  the  mould,  clamps  were  fixed  at  the  centre  of  the 


mould  to  ensure  exact  dimensions  of  the  specimen. 
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FIGURE  4.4  DETAILS  OF  MOULD 
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4-4  Casting  and  Curing 

About  3  cubic  feet  of  concrete  was  mixed  for  each  batch  in  a 
concrete  mixer.  The  materials  of  exact  weight,  as  mentioned  in  section 
4-1,  were  taken  for  each  batch. 

The  forms  were  oiled  before  placing  the  reinforcing  cages 
in  position.  After  the  concrete  was  thoroughly  mixed  in  the  mixer,  it 
was  placed  in  the  forms.  An  immersion  type  of  vibrator  was  used  for 
compaction.  Concrete  was  placed  in  two  layers  and  vibrated. 

The  following  were  cast  from  each  batch  mixed: 

(i)  Four  specimens,  two  of  each  type 

(ii)  Five  cylinders,  6"  x  12" 

(iii)  Two  modulus  of  rupture  specimens  4-1/2"  x  3-1/2"  x  16" 

From  the  first  batch,  however,  three  A-type  beams,  eight  control 

cylinders  6"  x  12"  and  two  control  beams  were  cast. 

The  specimens  were  kept  covered  by  wet  burlap  bags  until  the 
moulds  were  removed  on  the  third  day  following  casting.  The  specimens, 
the  control  cylinders  and  beams  were  marked  and  stored  in  the  moist  room 
until  the  date  of  testing,  28  days  after  casting. 

4- 5  Control  Specimens 

Control  cylinders  and  modulus  of  rupture  specimens  were  cast 
from  each  batch  of  concrete.  Generally  five  cylinders  6"  x  12"  and  two 
modulus  of  rupture  specimens  were  cast  each  time.  Of  the  five  cylinders 
two  were  tested  in  compression  and  three  in  split  testing.  The  cylinders 
were  capped  before  performing  the  compression  tests.  The  tests  were  per¬ 
formed  on  the  28th  day  of  casting  when  the  corresponding  beams  were,  also 
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tested  in  torsion. 

Of  the  eight  cylinders  cast  with  A-type  specimens,  two  were 
tested  on  the  7th  day  one  each  in  compression  and  split  test,  likewise 
two  on  the  14th  day  and  remaining  four  on  the  28th  day,  two  in  compression 
and  two  in  splitting.  FIGURES  4.5  and  4.6  show  the  variation  of  compressive 
and  tensile  strength  with  time. 

The  28th  day  test  results  for  all  specimens  are  given  in  TABLE  IV-6. 
In  this  table,  the  average  values  of  compressive  strength,  tensile  strength 
as  determined  by  split  test,  and  the  modulus  of  rupture  have  been  calculated. 

The  flexure  specimens  were  tested  for  third-point  loading  over 
a  span  of  12".  The  broader  4-1/2"  face  was  horizontal  and  narrower  3-1/2" 
face  vertical  during  testing. 

The  following  formulas  were  used: 


(i)  Compressive  strength 


Maximum  load  in  lbs 
c.s.  area  of  cylinder 


Maximum  load  in  lbs 
28.26 


ps  i 


(ii)  Tensile  strength  =  Maximum  load  .in  lbs 

ttDL/2 


Maximum  load  in  lbs 
113 


psi 


Since  D  the  diameter  and  L  the  length  of  cylinder  were  6"  and  12" 
respectively. 

(iii)  Modulus  of  rupture  = 

p 

M  =  —  x  4  =  2P  lb  ins.,  where  P  was  the  total  load 

2 

in  lbs.  on  the  specimen. 
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WiTH  TIME 
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TABLE  IV- 6 

TEST  RESULTS  OF  CONTROL  SPECIMENS 
(28-DAY  TESTS) 


Desig¬ 

nation 

Sp. 

No. 

Comp.  Test 

Split  Test 

Mod.  of  Rup . 

Load 

(lbs) 

Av. 

(lbs) 

Stress 

(psi) 

Load 

(lbs) 

Av. 

(lbs) 

Stress 

(psi) 

Load 

(lb) 

Av . 
(lb) 

Stress 

(psi) 

A 

1 

92,000 

39, 100 

2500 

2 

98, 500 

92, 250 

3370 

36, 200 

37,650 

333 

2800 

2650 

577 

B&C 

1 

86, 500 

42,400 

2800 

2 

114,500 

100, 500 

3560 

39, 200 

40, 800 

361 

2700 

2750 

599 

D&E 

1 

113,000 

41,600 

3000 

2 

116,500 

114, 750 

4060 

38,300 

39,633 

350 

2800 

2900 

632 

3 

39,000 

F&G 

1 

106,500 

41,000 

3000 

2 

103,000 

104, 750 

3710 

43,000 

41,467 

367 

3100 

3050 

664 

3 

40,400 

H&I 

1 

91, 500 

37, 100 

3100 

2 

97,000 

94, 250 

3335 

36,000 

36, 700 

325 

2500 

2800 

610 

3 

37, 000 

| 

J&K 

1 

120,000 

42, 150 | 

2950 

2 

117,000 

118, 500 

4190 

43,  900 j 

41,617 

368 

3000 

2975 

648 

3 

38,800 

L&M 

I 

116,000 

39, 800 

3100 

2 

116,000 

116,000 

4105 

41,450 

40, 800 

361 

3050 

3075 

670 

3 

41, 150 

N 

1 

112,000 

2900 

2 

110,000 

110, 500 

3910 

- 

- 

- 

2800 

2850 

621 

3 

109, 500 

_ 

00c 


i 

.:'.hx  -  .81 J  X/  ,  \~  1  1 


i.  - 


Y 

I 


x  3‘  5  =  1*75  inches 


1  1  ,.c  0.c3 

— ~  bh  =  — —  x  4  5  x  3  5 

12  12 


Modulus  of  rupture  = 


2P  x  1-75 


1  3 
7-  x  4'5  x  3-5J 
12 


4-59 


psi 


psi 


4- 6  Description  of  Test  Specimens 
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A  total  of  30  specimens  were  tested  in  pure  torsion.  All  specimens 
were  square  in  cross-section.  The  overall  size  was  4"  x  4"  x  4'  6".  Of 
these,  three  specimens,  type  A,  were  of  plain  concrete.  Four  specimens 
had  only  longitudinal  steel:  the  percentage  of  longitudinal  steel  in  two 
beams, type  B  was  1-23  and  in  another  two  beams,  type  H,  was  2*75.  The  B  type 
beams  had  4  and  H  type  beams  9  plain  bars  of  diameter  1/4".  All  other  beams 
had  both  longitudinal  steel  and  transverse  ties.  The  percentage  of  trans¬ 
verse  steel  varied  from  nothing  to  2*72. 

There  were  three  identical  beams  of  type  A  and  three  of  type  N. 
There  were  two  identical  beams  of  all  other  types  from  B  through  M.  At 
least  two  beams  of  each  type  were  made  so  that  an  average  could  be  taken. 

It  also  helped  to  make  an  estimate  of  the  possible  variation  in  strength 
and  behaviour  even  when  the  specimens  appeared  to  be  identical. 

The  concrete  strength  was  not  intended  to  be  a  variable. 

However, it  still  varied  somewhat  with  each  batch.  The  companion  cylinders 
and  modulus  of  rupture  specimens  made  with  every  batch  were,  however,  ex¬ 
pected  to  give  the  strength  properties  of  the  concrete.  The  cylinder 
strength  varied  from  3335  psi  to  4190  psi.  The  tensile  strength,  as 
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determined  by  split  tests,  varied  from  325  to  368  psi.  The  modulus 
of  rupture  ranged  from  577  to  670  psi.  The  details  of  tests  on  control 
specimens  are  given  in  TABLE  IV- 6. 

The  details  of  the  reinforcement  provided  in  various  types 
are  given  in  TABLE  IV-7  and  FIGURE  4.7.  The  strength  properties  of  the 
concrete  in  the  various  types  of  specimens  are  also  given  in  TABLE  IV-7. 

The  specimens  were  designed  so  that  the  following  variables  could  be  studied 

(i)  Longitudinal  steel  ratio. 

(ii)  Transverse  steel  ratio. 

(iii)  Position  and  size  of  longitudinal  steel. 

(iv)  Bar  size  of  ties. 

(v)  Effectiveness  of  ties  for  two  different  overlaps,  types  P&Q 

(vi)  Strength  of  reinforcing  steel. 

Specimen  types  A,  B  and  H  were  designed  to  study  the  first 
variable  viz.  longitudinal  steel  percentage.  The  percentages  of  steel 
in  A,  B  and  H  types  were  respectively  0,  1*23  and  2-  75.  These  specimens 
had  no  transverse  steel  in  the  gage  length. 

The  second  variable,  the  transverse  steel  ratio,  could  be  studied 
from  series: 

(i)  specimen  types  B,  C,  D,  F  and  G  in  which  the  percen¬ 
tages  of  transverse  steel  were  0,  0.17,  0.34,  0.51  and  1.02  respectively. 
The  longitudinal  steel  percentage  was  constant  at  1.23.  The  size  of  ties 
for  this  series  was  0.144"  diameter  (No.  7  SWG) .  It  was  a  low  strength 
(Y.P.  24,110  psi,  ultimate  42,330  psi)  black  wire  supplied  in  coils. 


' 

■  ■  .  •u.  11  r  ■  :  ■  ■ 


41 


(ii)  specimen  types  L,  M  and  N  in  which  the  percentages  of 
transverse  steel  were  0.51,  2.72  and  0.77  respectively.  The  longitudinal 
steel  percentage  was  constant  at  2.75.  No.  2  plain  reinforcing  bar  was 
used  for  the  ties  (Y.P.  47,490  psi,  ultimate  56,330  psi). 

Specimen  types  I,  J  and  K  were  designed  to  study  the  third 
variable,  viz.  position  and  size  of  longitudinal  steel.  In  these  specimens, 
the  transverse  reinforcement  was  identical  (0.144"  dia.  ties  at  2"  spacing). 
The  percentage  of  longitudinal  steel  was  also  constant  at  2.75.  However, 
in  types  I  &  J  the  nine  No.  2  bars  were  arranged  in  two  different  ways, 
types  S  and  T  (see  FIGURE  4.7).  In  type  T,  some  of  the  bars  had  been 
placed  closer  to  the  axis  of  twist.  Specimens  K  had  four  bars  No.  3  one 
in  each  corner. 

The  behaviour  of  specimens  K  and  L  could  be  compared  to  study 
the  fourth  variable,  the  bar  size  of  ties.  These  specimens  had  the  same 
longitudinal  steel  viz.  four  bars  of  No.  3.  The  percentage  of  transverse 
steel  was  also  constant  at  0.51.  However,  the  size  and  consequently  the 
spacing  was  different.  Type  K  had  0.144"  wire  ties  at  2"  spacing  where¬ 
as  type  L  had  No.  2  ties  at  6"  spacing. 

The  fifth  variable,  the  effectiveness  of  ties  for  two  different 
overlaps,  could  be  studied  by  comparing  the  behaviour  of  specimen  types  D 
and  E.  Specimens  D  and  E  had  all  other  things  same  except  the  overlap 
used  for  making  the  ties.  Specimens  D  had  ties  with  greater  overlap  as 
shown  in  type  P  and  specimens  E  had  ties  with  lesser  overlap  as  shown  in 
type  Q.  See  FIGURE  4.7. 

The  last  variable,  the  strength  of  reinforcing  steel  could  be 
studied  by  comparing  the  performance  of  two  grades  of  steel  used  in  the  ties. 
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The  0.144"  wire  had  a  yield  stress  of  24,110  psi  and  ultimate  stress  of  42,330 
psi.  The  1/4"  bar  had  a  yield  stress  of  47,490  psi.  and  ultimate  stress  of 
56,330  psi.  Specimens  K  and  L  had  same  longitudinal  steel  viz.  four  bars 
of  No.  3.  The  percentage  of  transverse  steel  was  also  constant  at  0.51. 
However,  the  properties  of  the  steel  used  for  the  ties  were  different 
as  given  above. 

The  overall  length  of  the  specimens  was  4'  6".  However,  6" 
at  each  end  was  treated  as  gripping  length.  The  gage  length  was  taken 
as  30  inches,  15  inches  each  side  of  the  centre.  Thus  there  was  a  gap 
of  6"  between  the  gripping  length  and  gage  length.  This  gap  was  considered 
adequate  to  ensure  that  the  stresses  in  the  gage  length  were  not  affected 
by  the  distribtuion  of  stresses  in  the  gripping  length.  According  to 
St.  Venant ' s  principle,  if  the  forces  acting  on  a  small  portion  of  an 
elastic  body  are  replaced  by  another  statically  equivalent  system  of 
forces  acting  on  the  same  portion  of  the  surface,  this  redistribution  of 
loading  produces  substantial  changes  in  stresses  locally  but  has  negligible 
effect  on  the  stresses  at  distances  which  are  large  in  comparison  with 
the  linear  dimensions  of  the  surface  on  which  the  forces  are  changed. 
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CHAPTER  V 


PRESENTATION  OF  TEST  RESULTS 

5-1  The  Testing  Procedure 

The  specimens  and  the  control  cylinders  were  cured  in  the 
moist  room  till  they  were  tested  on  the  28th  day  of  their  casting.  For 
testing  a  specimen,  it  was  fixed  in  the  two  grips  of  the  testing  rig  by 
wooden  blocks  and  wedges.  The  twistmeters  were  placed  symmetrically  at 
the  two  ends  of  the  gage  length  of  30".  The  electrical  strain  gages 
were  connected  to  the  strain  indicator  through  a  twenty-point  switching 
unit  in  cases  where  there  were  two  or  more  gages  on  the  same  specimen. 
All  connections  were  soldered  and  the  length  of  the  leads  was  kept  to 
the  minimum. 

The  rate  of  loading  for  all  specimens  was  maintained  constant 
at  2  lbs.  per  minute.  Hence  the  twisting  moment  increased  at  the  rate  of 
about  100  lb. in.  per  minute. 

The  staff  reading  and  the  lever  arm  were  co-related  by  direct 
measurement.  TABLE  V- 1  shows  the  measured  lengths  of  lever  arm  for  the 
observed  staff  readings.  FIGURE  5.1  shows  a  graph  of  co-relation  between 
the  staff  reading  and  the  lever  arm. 

The  readings  of  the  two  twistmeters,  the  staff  reading  and  the 
reading  on  the  strain  indicator  were  recorded  immediately  after  each  load 
increment.  The  bubbles  on  the  twistmeters  were  brought  to  centre  simul¬ 
taneously  before  reading  the  micrometers. 
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FIGURE  5.1  CO-RELATION  BETWEEN  STAFF  READING  AND  LEVER  ARM 


TABLE  V-l 


CO- RELATION  BETWEEN  STAFF  READING  AND  LEVER-ARM 


Staff 

(ft) 

Lever  Arm 
(in) 

Staff 

(ft) 

Lever  Arm 
(in) 

Staff 

(ft) 

Lever  Arm 
(in) 

2.35 

47. 1 

3.25 

50.0 

4. 15 

50.6 

2.40 

47.4 

3.30 

50.1 

4.  20 

50.5 

2.45 

47.  7 

3.35 

50.2 

4.25 

50.5 

2.50 

48.0 

3.40 

50.2 

4.30 

50.4 

2.55 

48.2 

3.45 

50.3 

4.35 

50.3 

2.60 

48.5 

3.50 

50.3 

4.40 

50.2 

2.65 

48.6 

3.55 

50.4 

4.45 

50.0 

2.  70 

48.8 

3.60 

50.4 

4.50 

49.9 

2.  75 

49.0 

3.65 

50.5 

4.55 

49.8 

2.80 

49.1 

3.70 

50.5 

4.60 

49.7 

2.85 

49.2 

3.75 

50.5 

4.65 

49.5 

2.90 

49.4 

3.80 

50.6 

4.  70 

49.4 

2.95 

49.5 

3.85 

50.6 

4.  75 

49.2 

3.00 

49.6 

3.90 

50.6 

4.80 

49.1 

3.05 

49.7 

3.95 

50.6 

4.85 

48.9 

3. 10 

49.8 

4.00 

50.6 

4.90 

48.  7 

3.15 

49.9 

4.05 

50.6 

4.95 

48.6 

3.20 

49.9 

4. 10 

50.6 

5.00 

48.4 

5-2  Test  Results 


The  observed  and  the  calculated  values  are  presented  in  the 
following  TABLES  AND  FIGURES.  The  full  details  of  calculations  are 
shown  only  for  specimen  A.l  (TABLE  V-2).  Calculations  for  other 
specimens  were  similar  and  have  not  been  presented  in  detail.  The  ca 
culated  values  are  presented  in  a  tabular  form.  Following  each  table 
a  brief  note  on  the  behaviour  of  the  specimen  up  to  failure  is  given. 
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without  warning.  The  fracture  occurred  at  about  15"  from  the  fixed  grip  well  within  the  gage  length. 


TABLE  V- 3 


SPECIMEN  A. 2 


Effective 

Dead 

Weight 

(lbs) 

Effect ive 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10"6 
(Radians) 

Remarks 

0 

0 

0 

18.5 

920 

11.1 

38.  7 

1920 

28.9 

59.7 

2970 

51.1 

79.7 

3980 

71.1 

100.2 

5010 

111 

117.3 

5870 

- 

cracking  and  collapse 

The  failure  was  brittle  and  sudden.  The  failure  occurred  as 
soon  as  the  45°  diagonal  tension  crack  developed. 


TABLE  V-4 


SPECIMEN  A. 3 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10'6 
(Radians) 

Remarks 

0 

0 

0 

18.5 

910 

8.9 

38.  7 

1910 

26.  7 

59.3 

2940 

42.2 

79.7 

3980 

62.2 

100.2 

5010 

104 

120.5 

6050 

138 

131.1 

6580 

cracking  and  collapse 

Failure  was  brittle  and  sudden.  Breakdown  occurred  immediate 
on  the  development  of  45°  diagonal  tension  crack. 
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FIGURE  5.2  TORQUE  ROTATION  CURVES  -  SPECIMENS 
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TABLE  V- 5 
SPECIMEN  B. 1 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  lO-6 
(Radians) 

Remarks 

0 

0 

0 

18.5 

910 

13.3 

38.7 

1910 

28.9 

59.3 

2930 

48.9 

79.7 

3950 

68.9 

100.2 

4980 

97.8 

120.5 

6000 

136 

140.9 

7020 

cracking  and  collapse 

The  failure,  which  occurred  due  to  diagonal  tension,  was 
brittle,  sudden  and  without  warning.  The  breakdown  occured  a  few  seconds 
after  the  last  load  increment. 


TABLE  V-6 


SPECIMEN  B . 2 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
(lb. in) 

Rotat ion 
per  inch 
x  10"6 
(Radians) 

Stress  in 
Longitudinal 
Steel 
(psi) 

Remarks 

0 

0 

0 

0 

18.5 

910 

11.1 

0 

38.  7 

1910 

31.1 

0 

59.3 

2930 

62.2 

150 

79.7 

3950 

147 

450 

100.2 

4990 

300 

1800 

110.4 

5500 

- 

5  700 

cracking  and  collapse 

The  failure  was  brittle  and  sudden.  There  was  no  sign  of  dis- 
stress  up  to  the  last  load  increment.  The  breakdown  followed  immediately 
on  the  development  of  the  first  diagonal  tension  crack. 
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FIGURE  5,3  TORQUE  -  ROTATION  AND  TORQUE-  STEEL  STRESS  CURVES 
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TABLE  V- 7 
SPECIMEN  C. 1 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb .  in) 

Rotation 
per  inch 
x  10"6 
(Radians) 

Stress  in 
Longitudinal 
Steel 
(psi) 

Stress  in 
Transverse 
Steel 
(psi) 

Remarks  ; 

0 

0 

0 

0 

0 

18.5 

920 

13.3 

0 

750 

38.  7 

1920 

28.9 

0 

1350 

59.3 

2950 

46.7 

0 

1800 

79.7 

3960 

73.3 

0 

2850 

100.2 

5000 

113 

0 

3450 

120.5 

6030 

231 

0 

4650 

cracking 

130.3 

6540 

522 

5100 

6450 

cracks  widened 

135.3 

6790 

- 

6300 

7950 

collapse 

The  failure  occurred  soon  after  the  last  load  increment.  The 
cause  of  failure  was  diagonal  tension.  There  was  a  little  warning  of  the 
impending  distress. 


TABLE  V- 8 
SPECIMEN  C . 2 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  IQ"6 
(Radians) 

Stress  in 
Longitudinal 
Steel 
(psi) 

Remarks 

0 

0 

0 

0 

18.5 

920 

13.3 

0 

38.  7 

1920 

35.6 

600 

59.3 

2950 

62.2 

900 

79.7 

3980 

88.9 

1050 

100.2 

5010 

116 

1200 

120.5 

6050 

149 

1800 

cracking 

124.5 

6250 

“ 

12600 

collapse 

The  cause  of  failure  was  diagonal  tension  distress.  The  break¬ 


down  occurred  with  very  little  warning. 
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FIGURE  5.4  TORQUE  -  ROTATION  AND  TORQUE  -STEEL  STRESS  CURVES 
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TABLE  V-9 
SPECIMEN  D. I 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10"6 
(Radians) 

Remarks 

0 

0 

0 

18.5 

910 

15.6 

38.  7 

1910 

33.3 

59.3 

2940 

55.6 

79.7 

3950 

77.8 

100.2 

4980 

116 

120.5 

6000 

164 

cracking 

140.9 

7020 

collapse 

The  breakdown  occurred  at  the  centre  of  the 
after  the  last  load  increment.  The  specimen  showed  a 


specimen  soon 
little  ductility. 


TABLE  V-10 
SPECIMEN  D . 2 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10-6 
(Radians) 

Remarks 

0 

0 

0 

18.5 

920 

15.6 

38.7 

1920 

35.6 

59.3 

2940 

60.0 

79.7 

3950 

88.9 

100.2 

4980 

124 

120.5 

6000 

931 

cracking 

130.3 

6540 

collapse 

The  breakdown  occurred  near  the  centre  a  few  seconds  after 
last  load  increment.  The  45°  helical  cracks  developed  at  other  sections 
before  failure.  The  specimen  showed  a  little  ductility. 
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FIGURE  5.5  TORQUE-  ROTATION  CURVES-  SPECIMENS 
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TABLE  V-ll 
SPECIMEN  E. I 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10-6 
(Radians) 

Remarks 

0 

0 

0 

18.5 

910 

15.6 

38.  7 

1900 

33.3 

59.3 

2920 

60.0 

79.  7 

3940 

91.1 

100.2 

4960 

122 

120.5 

59  70 

- 

cracking  and  collapse 

The  breakdown  occurred  at  the  centre.  The  failure  was  due 
to  diagonal  tension.  The  failure  was  brittle  and  without  warning.  The 
ties  had  opened  up  and  appeared  ineffective  due  to  inadequate  overlap. 


TABLE  V- 12 
SPECIMEN  E. 2 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
(lb. in) 

Rotation 
per  inch 
x  10-6 
(Rad ians) 

Remarks 

0 

0 

0 

18.5 

920 

13.3 

38.  7 

1920 

33.3 

59.3 

2940 

57.8 

79.7 

3960 

84.4 

100.2 

4990 

120 

120.5 

6000 

162 

cracking 

130.3 

6540 

- 

collapse 

The  failure  of  the  specimen  was  due  to  diagonal  tension.  The 
failure  was  brittle  and  sudden.  The  ties  seemed  ineffective.  They  had 
opened  up  in  that  portion  of  the  specimen  where  concrete  was  destroyed. 
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FIGURE  5,6  TORQUE-  ROTATION  CURVES  SPECIMENS 
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TABLE  V- 13 
SPECIMEN  F. 1 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb .  in) 

Rotat ion 
per  inch 
x  10'6 
(Radians) 

Stress  in 
Longitudinal 
Reinforcement 
(psi) 

Remarks 

0 

0 

0 

0 

18.5 

910 

15.6 

0 

38.7 

1900 

28.9 

0 

59.3 

2920 

53.3 

0 

79.7 

3940 

68.9 

0 

100.2 

4960 

109 

150 

120.5 

5990 

296 

8100 

fine  cracks 

130.6 

6490 

- 

16350 

cracks  widened 

143.9 

7190 

- 

- 

collapse 

The 

almost  at  the 


specimen  showed  a  little  ductility, 
centre  of  the  specimen. 


The  breakdown  occurred 


TABLE  V- 14 
SPECIMEN  F . 2 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10'6 
(Radians) 

Remarks 

0 

0 

0 

18.5 

910 

11.1 

38.  7 

1910 

31.1 

59.3 

2940 

53.3 

79.7 

3950 

80.0 

100.2 

4990 

113 

120.5 

6010 

153 

cracking.  45°  crack  ran 
across  whole  width 

139.6 

6970 

- 

collapse 

The  breakdown  occurred  near  the  centre  soon  after  the  last 
load  increment.  The  cause  of  failure  was  diagonal  tension.  The  specimen 
showed  a  little  ductility. 
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TABLE  V- 15 
SPECIMEN  G. 1 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10"6 
(Radians) 

Remarks 

0 

0 

0 

18.5 

910 

15.6 

38.  7 

1900 

35.6 

59.3 

2910 

60.0 

79. 7 

3920 

86.  7 

100.2 

4940 

122 

120.5 

59  70 

160 

cracking 

140.9 

6980 

“ 

collapse 

The  breakdown  occurred  near  the  centre  of  the  specimen  soon 


after  the  last  load  increment.  The  specimen  showed  a  little  ductility. 


TABLE  V- 16 
SPECIMEN  G . 2 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb , in) 

Rotation 
per  inch 
x  10“6 
(Radians) 

Remarks 

0 

0 

0 

18.5 

910 

15.6 

38.  7 

1910 

37. 8 

59.3 

2940 

62.2 

79.7 

3950 

91.1 

100.2 

4980 

133 

120,5 

6000 

167 

fine  cracks  at  45° 

140.9 

7030 

236 

cracks  widened 

151.0 

7540 

- 

collapse 

The  specimen  showed  some  ductility.  The  failure  was  due  to  diagonal 
tension.  The  breakdown  occurred  near  the  centre  soon  after  last  load 


increment . 
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TABLE  V- 17 
SPECIMEN  H. 1 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10"6 
(Radians) 

Stress  in 
Corner  Longi¬ 
tudinal  bar 
(psi) 

Remarks 

0 

0 

0 

0 

18.5 

920 

15.6 

0 

38.  7 

1930 

35.6 

0 

59.3 

2950 

57.8 

0 

79.7 

3980 

86.7 

150 

100.2 

5010 

120 

600 

120.5 

6030 

171 

1950 

140.9 

7050 

“ 

cracking  and  collapse 

The  failure  was  brittle  and  sudden.  No  cracks  were  visible  till 
breakdown  occurred  suddenly.  The  failure  occurred  due  to  diagonal  tension 
a  minute  after  last  increment  of  load. 


TABLE  V- 18 
SPECIMEN  H . 2 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10"6 
(Radians) 

Stress  in 
Corner  Longi¬ 
tudinal  bar 
(psi) 

Remarks 

0 

0 

0 

0 

18.5 

910 

15.6 

0 

38.  7 

1910 

33.3 

0 

59.3 

2930 

57.8 

0 

79.7 

3950 

80.0 

0 

100.2 

4980 

111 

300 

120.5 

6000 

213 

4200 

cracking  and  collapse 

The  failure  was  brittle,  sudden  and  without  warning.  The  break¬ 
down  occurred  five  minutes  after  the  last  load  increment  due  to  diagonal 


tension  distress. 
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FIGURE  5.9  TORQUE  -  ROTATION  TORQUE  -  STEEL  STRESS  CURVES 
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TABLE  V- 19 
SPECIMEN  I. 1 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10"6 
(Radians) 

Steel  Stress 

Remarks 

Longitudinal 
Bar  No.  1* 
(psi) 

Tie 

(psi) 

0 

0 

0 

0 

0 

18.5 

910 

13.3 

0 

150 

38.  7 

1920 

33.3 

150 

300 

59.3 

2940 

60.0 

300 

450 

79.7 

3950 

88.9 

450 

600 

100.2 

4990 

131 

900 

750 

120.5 

6010 

222 

8100 

6750 

fine  cracks  at  45° 

140.9 

7050 

733 

15300 

creeping 

45°  cracks  at  4  places 

151.1 

7560 

- 

yield  stress 

yield  stress 

collapse 

The  specimen  showed  appreciable  ductility.  The  cracking  was  wide¬ 
spread  before  collapse.  The  breakdown  occurred  at  the  centre  due  to  diagonal 


tension. 


TABLE  V-20 
SPECIMEN  1.2 


Effective 

Effective 

Rotation 

Steel 

Stress 

Dead 

Twisting 

per  inch 

Longitudinal 

Remarks 

Weight 

Moment 

x  10-6 

cor. bar 

Bar  No.  1* 

Tie 

( lbs) 

( lb . in) 

(Radians) 

(psi) 

(psi) 

0 

0 

0 

0 

0 

0 

18.5 

910 

11.1 

0 

0 

0 

38.  7 

1910 

31.1 

150 

0 

150 

59.3 

2940 

62.2 

300 

0 

300 

79.7 

3970 

86.7 

450 

0 

450 

100.2 

4990 

142 

750 

0 

600 

120.5 

6030 

224 

1350 

300 

1050 

fine  cracks  at  45° 

140.9 

7070 

578 

9000 

6900 

3600 

wide-spread  45°  cracks 

151.1 

7600 

- 

- 

12000 

6150 

at  load  increment 

34200 

yield 

stress 

yield 

stress 

at  collapse 

There  was  appreciable  creeping  at  effective  load  of  140.9  lbs. 


The  steel  stresses  rose  from  9000,  6900  and  3600  psi  as  shown  in  table  to 
10,500,  9000  and  4500  psi  respectively.  The  breakdown  occurred  five  minutes 
after  last  load  increment.  The  specimen  showed  appreciable  ductility.  The 
cracking  was  extensive  before  collapse. 

*See  FIGURE  5.10 
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TABLE  V- 21 
SPECIMEN  J. 1 


Effective 
Dead 
Weight 
( lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10'6 
(Radians) 

Stress  in 
Longitudinal 
Bar  No . lx 
(psi) 

Remarks 

0 

0 

0 

0 

18.5 

910 

8.9 

0 

38.  7 

1910 

26.7 

150 

59.3 

2930 

55.6 

300 

79.  7 

3950 

82.2 

300 

100.2 

4990 

111 

450 

120.5 

6010 

171 

1050 

cracking 

140.9 

7030 

- 

13950 

collapse 

The  specimen  showed  some  ductility  before  failure.  The  break¬ 
down  occurred  at  the  centre  a  minute  after  the  last  load  increment  due  to 
diagonal  tension. 


TABLE  V- 22 
SPECIMEN  J . 2 


Effective 
Dead 
Weight 
( lbs) 

Effective 
Twisting 
Moment 
(lb. in) 

Rota  tion 
per  inch 
x  10-6 
(Radians) 

Steel  Stresses 

Remarks 

Bar  No. 1* 

Bar  No. 2* 

0 

0 

0 

0 

0 

18.5 

920 

15.6 

0 

0 

38.  7 

1920 

37.8 

150 

0 

59.3 

2940 

66. 7 

600 

150 

79.  7 

3960 

116 

4500 

1800 

100.2 

4990 

300 

10350 

5700 

120.5 

6050 

653 

14700 

9000 

fine  cracks  at  45° 

130.  7 

6570 

987 

17250 

9900 

cracks  widened 

141.2 

7100 

- 

- 

12000 

collapse 

The  specimen  showed  some  ductility  before  ultimate  load  was 
reached.  There  was  extensive  diagonal  tension  splitting  over  a  length  of 
15"  near  the  centre  of  the  specimen.  There  were  wide-spread  45°  cracks  before 
collapse . 

>VSee  FIGURE  5.11 
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FIGURE  5.11  TORQUE  -  ROTATION  AND  TORQUE  -  STEEL  STRESS  CURVES 


69 


TABLE  V-23 
SPECIMEN  K. 1 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10-6 
(Radians) 

Stress  in 
Longitudinal 
Steel 
(psi) 

Remarks 

0 

0 

0 

0 

18.5 

910 

13.3 

0 

38.  7 

1910 

35.6 

150 

59.3 

2940 

64.4 

300 

79.7 

3950 

102 

750 

100.2 

4980 

173 

2100 

120.5 

6000 

269 

5850 

fine  45°  cracks  at  3 

locations 

140.9 

7060 

769 

17250 

cracks  widened,  new 

cracks  developed 

151.1 

7570 

- 

collapse 

The  failure  occurred  near  the  centre  of  the  specimen  due  to 
diagonal  tension  soon  after  the  last  increment  of  load.  There  was  extensive 
cracking  in  the  entire  gage  length  prior  to  failure.  The  specimen  exhibited 
appreciable  ductility. 


TABLE  V- 24 
SPECIMEN  K. 2 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rota  tion 
per  inch 
x  lO-6 
(Radians) 

Stress  in 
Longitudinal 
Steel 
(psi) 

Remarks 

0 

0 

0 

0 

18.5 

910 

11.1 

0 

38.  7 

1900 

31.1 

300 

59.3 

2920 

55.6 

750 

79.  7 

3920 

84.4 

1050 

100.2 

4950 

122 

1500 

120.5 

59  70 

200 

2250 

140.9 

6980 

- 

yield  stress 

cracking  and  collapse 

The  breakdown  occurred  at  the  centre  of  the  specimen  and  extended 
over  about  18".  There  were  no  visible  cracks  up  to  the  effective  load  of 
120.5  lbs.  The  cracks  developed  on  application  of  last  increment  and  quickly 
widened  till  failure  occurred  two  minutes  later. 


TABLE  V-  25 
SPECIMEN  L. 1 
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Effective 

Effective 

Rotation 

Steel  Stress 

Dead 

Weight 

(lbs) 

Twisting 
Moment 
( lb. in) 

per  inch 
x  10‘6 
(Radians) 

Longitudinal 

Steel 

(psi) 

Tie 

(psi) 

Remarks 

0 

0 

0 

0 

0 

18.5 

920 

11.1 

0 

0 

38.  7 

1920 

28.9 

150 

0 

59.3 

2940 

48.9 

300 

0 

79.7 

3960 

68.9 

600 

0 

100.2 

4990 

102 

1050 

300 

120.5 

6010 

238 

7050 

2850 

cracking 

130.7 

6590 

302 

7500 

4500 

further  cracks 
developed 

140.9 

7050 

- 

“ 

43500 

collapse 

The  breakdown  occurred  near  the  centre  a  minute  after  the  last 
load  increment.  The  specimen  exhibited  some  ductility  prior  to  failure. 
Concrete  was  destroyed  over  a  length  of  15". 


TABLE  V- 26 
SPECIMEN  L . 2 


Effective 

Effective 

Rotation 

Steel  Stress 

Dead 

Weight 

(lbs) 

Twisting 
Moment 
( lb . in) 

per  inch 
x  10“6 
(Radians) 

Longitudinal 

Steel 

(psi) 

Tie 

(psi) 

Remarks 

0 

0 

0 

0 

0 

18.5 

920 

13.3 

0 

0 

38.  7 

1920 

31.1 

0 

0 

59.3 

2950 

51.1 

0 

0 

79.7 

3960 

77.8 

0 

0 

100.2 

4990 

109 

300 

300 

120.5 

6000 

158 

1350 

750 

130.7 

6510 

218 

3600 

1200 

cracking 

140.9 

7030 

371 

yield 

stress 

collapse 

The  beam  collapsed  five  mintues  after  the  last  load  increment. 


The 


breakdown  occurred  at  the  centre.  Concrete  was  destroyed  over  a  length  of 
about  15".  The  specimen  showed  some  ductility. 
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FIGURE  5.13  TORQUE  -  ROTATION  AND  TORQUE  -  STEEL  STRESS  CURVES 
SPECIMEN  L 
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TABLE  V- 27 
SPECIMEN  M. 1 


Effective 

Dead 

Weight 

(lbs) 

Effective 

Rotation 

Steel  Stress 

Remarks 

Twisting 
Moment 
( lb . in) 

per  inch 
x  10"6 
(Radians) 

Longitudinal 

Steel 

(psi) 

Tie 

(psi) 

0 

0 

0 

0 

0 

18.5 

920 

11.1 

0 

0 

38.  7 

1920 

28.9 

0 

0 

59.3 

2940 

48.9 

0 

0 

79.  7 

3950 

77.8 

0 

0 

100.2 

4980 

120 

0 

0 

120.5 

6000 

176 

150 

300 

140.9 

7030 

493 

12150 

5550 

cracking 

161.4 

8100 

1104 

23250 

7950 

cracks  widened 

182.2 

9150 

- 

- 

- 

collapse 

The  failure  was  ductile.  There  was  extensive  cracking  prior 
to  collapse.  The  breakdown  occurred  almost  at  the  centre  soon  after  the 
last  load  increment.  The  concrete  was  destroyed  over  a  length  of  about  18". 

FIGURE  5.15  shows  the  test  specimen  at  an  effective  torque  of 
7030  lb.  in.  The  cracks  were  almost  at  45°  to  the  axis  of  the  specimen. 

The  cracks  developed  and  widened  at  the  effective  torque  of  8100  lb.  in. 

This  is  shown  in  FIGURE  5.16.  In  FIGURE  5.17,  the  specimen  is  seen  from 
the  east  side  and  in  FIGURE  5. 18  from  the  west  side  after  the  specimen 

collapsed . 
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TABLE  V- 28 
SPECIMEN  M. 2 


Effective 

Effective 

Rotation 

Steel  Stress 

Dead 

Weight 

(lbs) 

Twisting 
Moment 
( lb .  in) 

per  inch 
x  10‘6 
(Radians) 

Longitudinal 

Steel 

(psi) 

Tie 

(psi) 

Remarks 

0 

0 

0 

0 

0 

18.5 

920 

11.1 

0 

0 

38.  7 

1920 

31.1 

150 

150 

59.3 

2950 

53.3 

300 

150 

79.  7 

3960 

75.6 

600 

300 

100.2 

4990 

124 

4950 

2100 

120.5 

6010 

189 

9150 

2100 

fine  45°  cracks 

140.9 

7030 

324 

14400 

2250 

more  cracks 
developed 

161.4 

8100 

667 

22800 

3150 

extensive 

cracking 

171.6 

8610 

“ 

“ 

“ 

extens ive 
cracking 

181.4 

9110 

“ 

yie  Id 
stress 

collapse 

The  breakdown  occurred  near  the  centre  of  the  specimen  soon 
after  the  last  increment  of  load.  The  cracking  was  extensive  before 
collapse.  The  specimen  showed  lot  of  ductility. 

FIGURE  5.19  shows  the  west  face  and  FIGURE  5.20  the  east  face 


of  the  specimen  M.2  after  collapse. 
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FIGURE  5.14  TORQUE  -  ROTATION  AND  TORQUE  -  STEEL  STRESS  CURVES 


FIGURE  5.15  TEST  SPECIMEN  M.  I  AT  EFFECTIVE  TWISTING 
MOMENT  OF  7030  POUND  INCHES 


FIGURE  5.16  TEST  SPECIMEN  M.  I  AT  EFFECTIVE  TWISTING 
MOMENT  OF  8100  POUND  INCHES 
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FIGURE  5.17  TEST  SPECIMEN  M.  I  SEEN  FROM 
EAST  SIDE  AFTER  COLLAPSE 


FIGURE  5.18  TEST  SPECIMEN  M.  I  SEEN  FROM 
WEST  SIDE  AFTER  COLLAPSE 
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FIGURE  5.19  TEST  SPECIMEN  M.  2  SEEN  FROM 
WEST  SIDE  AFTER  COLLAPSE 


FIGURE  5.20  TEST  SPECIMEN  M.  2  SEEN  FROM 
EAST  SIDE  AFTER  COLLAPSE 
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TABLE  V- 29 
SPECIMEN  N. I 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10“6 
(Radians) 

Stress  in 

Tie 

(psi) 

Remarks 

0 

0 

0 

0 

18.5 

920 

11.1 

60 

38.  7 

1920 

33.  3 

150 

59.3 

2940 

55.6 

180 

79.7 

3960 

75.6 

300 

100.2 

4990 

97.8 

360 

120.5 

6000 

120 

750 

fine  cracks 

140.9 

7050 

184 

2850 

cracks  developed  further 

161.4 

8100 

513 

14700 

appreciable  creeping 

171.6 

8600 

yield 

stress 

collapse 

The  specimen  showed  appreciable  ductility.  At  161.4  lb. 
effective  load,  there  were  two  distinct  helical  cracks  and  the  specimen 
creeped  appreciably.  The  breakdown  occurred  soon  after  the  last  increment 
of  load.  The  concrete  was  completely  destroyed  over  a  length  of  about  6” . 
The  longitudinal  bars  and  two  of  the  ties  were  exposed.  The  ties  were 
effective  up  to  failure  and  made  the  longitudinal  bars  distort  locally 


between  the  consecutive  ties. 
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TABLE  V- 30 
SPECIMEN  N . 2 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10-6 
(Radians) 

Stress  in 
Longitudinal 
Bar 
(psi) 

Remarks 

0 

0 

0 

0 

18.5 

920 

20.0 

0 

38.  7 

1920 

35.6 

0 

59.3 

2940 

60.0 

0 

79.  7 

3960 

127 

0 

100.2 

4990 

156 

0 

120.5 

6000 

231 

0 

140.9 

7050 

420 

0 

fine  cracks  at  45° 

151.1 

7600 

613 

6390 

cracks  widened,  more 
cracks 

154.  1 

7  740 

729 

14100 

cracks  widened,  more 
cracks 

160.9 

8100 

873 

18600 

yield  stress 

at  load  increment 
at  collapse 

There  was  appreciable  ductility  prior  to  failure.  Concrete  was 
completely  destroyed  over  a  length  of  about  6"  near  the  centre  of  the 
specimen.  Here  all  four  bars  and  the  ties  were  exposed.  The  ties  were 
effective  up  to  failure.  The  bars  distorted  locally  between  the  ties. 


. 
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TABLE  V- 31 
SPECIMEN  N. 3 


Effective 

Dead 

Weight 

(lbs) 

Effective 
Twisting 
Moment 
( lb . in) 

Rotation 
per  inch 
x  10-6 
(Radians) 

Stress 

in  Tie 

(psi) 

Remarks 

0 

0 

0 

0 

18.5 

920 

13.3 

0 

38.  7 

1920 

31.1 

0 

59.3 

2940 

57.8 

240 

79.7 

3960 

82.2 

540 

100.2 

5000 

136 

900 

120.5 

6000 

167 

2100 

140.9 

7050 

233 

4500 

161.4 

80  70 

429 

15000 

cracking 

171.6 

8580 

587 

20400 

more  cracks 

181.4 

90  70 

713 

24000 

cracks  developed 

192.4 

9620 

1851 

yield  stress 

cracks  widened 

196.4 

9820 

“ 

- 

collapse 

The  specimen  showed  appreciable  ductility.  The  breakdown 
occurred  near  the  centre  of  the  specimen.  Concrete  was  destroyed  over  a 
length  of  about  a  foot.  The  longitudinal  bars  were  distorted  locally 
between  the  ties.  There  was  appreciable  creeping  at  and  above  the 
effective  load  of  161.4  lbs.  Cracks  formed  at  an  angle  of  about  45°  to 


the  axis. 
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5- 3  General  Behaviour 

Plain  concrete  specimens  (Type  A)  and  those  having  only  longitudinal 
reinforcement  (Types  B  and  H)  failed  suddenly  at  the  formation  of  the  first 
crack;  the  ultimate  torque  was  the  same  as  the  cracking  torque.  These 
specimens  had  no  ductility  whatever.  The  specimens  showed  increasing 
ductility  for  higher  ratios  of  longitudinal  and  transverse  steels.  The 
cracks  formed  helices  at  about  45°  in  all  cases.  All  specimens  broke 
within  and  at  a  fair  distance  from  the  ends  of  the  gage  length.  The 
cracking  was  extensive  and  spread  over  the  entire  gage  length  in  specimens 
with  higher  ratios  of  longitudinal  and  transverse  reinforcements.  FIGURES 
5.22  through  5.29  show  all  the  specimens  after  they  had  been  tested. 

Each  figure  shows  a  different  face  of  the  specimens.  The  typical  45°  fractures 
are  evident  in  many  specimens,  especially  the  plain  concrete  beams;  (See 
broken  specimens  A.l,  A. 2  and  A. 3  in  FIGURE  A. 25). 
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FIGURE  5.22  SPECIMENS  A  THROUGH  G  AFTER  TEST 


FIGURE  5.23  SPECIMENS  A  THROUGH  F  AFTER  TEST 
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FIGURE  5.24  SPECIMENS  A  THROUGH  G  AFTER  TEST 


FIGURE  5.25  SPECIMENS  A  THROUGH  G  AFTER  TEST 
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FIGURE  5.26  SPECIMENS  H  THROUGH  N  AFTER  TEST 


FIGURE  5.27  SPECIMENS  H  THROUGH  N  AFTER  TEST 
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FIGURE  5.28  SPECIMENS  H  THROUGH  N  AFTER  TEST 


FIGURE  5„  29  SPECIMENS  K  THROUGH  N  AFTER  TEST 


CHAPTER  VI 


DISCUSSION  OF  TEST  RESULTS 

6- 1  Tensile  Strength  of  Concrete 

The  tensile  strength  of  concrete  is  probably  the  most  important 
variable  in  predicting  the  ultimate  strength  of  plain  or  reinforced 
concrete  sections.  Unless  the  tensile  strength  is  determined  with  fair 
accuracy,  it  is  difficult  to  decide  whether  the  elastic  or  the  plastic 
theory  is  more  suitable  or  to  determine  the  extent  of  redistribution  of 
stresses  due  to  inelastic  deformation  of  concrete.  Ironically,  the  tensile 
strength  of  concrete  is  one  of  the  most  elusive  properties  of  concrete. 
Several  investigators  have  attempted  to  relate  the  tensile  strength  to 
the  compressive  strength  of  concrete  by  a  widely  varying  set  of  empirical 
relations.  This  is  probably  the  main  cause  of  obscurity  in  the  problem 
of  torsion  in  concrete  sections. 

In  the  present  program,  the  following  tests  were  performed  on 
control  specimens: 

(i)  Compression  tests  on  6"  x  12"  control  cylinders. 

(ii)  Split  tests  on  6"  x  12"  control  cylinders. 

(iii)  Modulus  of  rupture  tests  on  3-1/2"  x  4-1/2"  x  16"  control 
spec imens . 

The  tensile  strength  of  concrete  f  t  may  be  related  to  the  compres¬ 
sive  strength  f'c  by  the  Equation  of  the  form: 


88 


rs 

■  ■ 

.  ■  ,  ;  !  :  ■  -  ■ j.  .  u  .  'r  •.  w,» 

■  ■  ■  ■  | 

i  A  f  '  '.<■  ' •' v'  "■ 

;  ,  '  .  r  i  .  .  1  :v  .■  1  V  •' ;  ’  A'.! 

■  0!ii  -  Jo  J  \:o  . 


. 

89 


(6.1) 


where  c  and  k  are  constants.  Gonnerman  and  Shuman  (32),  on  the  basis 
of  their  extensive  tests  found  c  =  0.68  and  k  =  0.75.  Kemp,  Sozen  and 
Siess  (18)  have  proposed  k  =  0.5. 

TABLE  VI-1,  shows  the  average  values  of  the  cylinder  strength  f 

I 

as  determined  by  compression  tests,  the  tensile  strength  f  as 
determined  by  split  tests  and  the  Modulus  of  rupture  f .  Based  on  overall 
average  values  shown  in  TABLE  VI- 1,  the  suitability  of  the  following  four 
Equations  was  judged  by  the  method  of  least  squares: 


I 


f 

t 


0.73  (f'c) 
0.74  (f'c) 
5-7  (f'c) 

5.8  (f'c) 


3/4 

3/4 

1/2 

1/2 


(6.2) 

(6.3) 

(6.4) 

(6.5) 


The  graphs  for  the  above  four  Equations  are  shown  in  FIGURE  6.1. 
Equation  (6.4)  was  considered  most  suitable  because  it  gave  the  minimum 
value  of  the  sum  of  squared  residuals.  Since  this  Equation  gave  a  graph 
which  is  practically  a  straight  line,  it  was  replaced  by  the  Equation, 


f'  =  0.0457  f'  +  176.8 

t  c 


(6.6) 


The  graph  of  this  Equation  is  shown  with  solid  line  in  FIGURE  6.1.  This 
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graph  was  used  for  finding  the  tensile  strength  from  the  compressive 
strength. 

Due  to  the  narrow  range  of  variation  of  Modulus  of  rupture  fr, 
it  was  considered  adequate  to  relate  it  to  the  tensile  strength  by  the  simple 
Equat ion: 

f'  =  0.56  fr  (6.7) 

! 

The  coefficient  0.56  was  calculated  from  the  overall  average  values  of  f 
and  fr  shown  in  TABLE  VI- 1.  The  graph  of  Equation  (6.7)  is  shown  in 
FIGURE  6.2. 

The  values  of  the  tensile  strength  as  determined  directly  from 

I 

split  test  and  as  derived  from  values  of  f  and  f„  are  shown  in 

c  r 

TABLE  VI-2.  From  these  values,  the  weighted  average  values  of  the  tensile 
strength,  with  equal  weightage  to  each  control  specimen,  were  calculated 
and  are  also  shown  in  TABLE  VI- 2. 

6- 2  Cracking  Torque 

The  plain  concrete  specimens,  type  A,  had  an  average  cracking 
torque  (which  in  this  case  was  also  the  average  ultimate  torque)  of  5820 
lb.  in.  For  most  of  the  reinforced  specimens  also  the  cracking  torque 
was  close  to  the  above  torque  for  plain  concrete  specimens.  One  cause  of 
variation  in  the  cracking  torque  was  the  difference  in  the  tensile 
strength  of  concrete.  The  straight  line  in  FIGURE  6.3  represents  the  cracking 
torque  for  plain  concrete  based  on  the  above  torque  of  5820  lb.  in.  and  in 
direct  proportion  to  the  tensile  strength.  The  points  on  FIGURE  6.3(a) 
represent  the  actual  cracking  torques  for  the  various  specimens  tested. 
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TABLE  VI -1 

OVERALL  AVERAGE  VALUES  OF  THE  COMPRESSIVE  STRENGTH 
THE  TENSILE  STRENGTH  AND  THE  MODULUS  OF  RUPTURE 


f'c 

(psi) 

(psi) 

f  r 

(psi) 

Remarks 

A 

3,  370 

333 

577 

The  cylinder  strength  f'  , 

B  &  C 

3,  560 

361 

599 

the  tensile  strength  f't 

D  &  E 

4,060 

350 

632 

and  the  Modulus  of  Rupture 

f  were  determined  by  the 
r  J 

F  &  G 

3,  710 

367 

664 

standard  compression  test, 

H  &  I 

3,335 

325 

610 

the  split  test  and  the 
Modulus  of  Rupture  test 

J  &  K 

4, 190 

368 

648 

respectively . 

L  &  M 

4, 105 

361 

670 

26,330 

2,465 

4,400 

overall 

average 

3,  761 

352 

629 

values 

■■I'K; 
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TABLE  VI- 2 

WEIGHTED  AVERAGE  VALUES  OF  TENSILE  STRENGTH 


Type  A 

Type  B  & 

C 

Type  D  & 

E 

Type  F  & 

G 

No. 

Av. 

No. 

Av. 

No. 

Av. 

No. 

Av. 

of 

Va- 

of 

Va- 

of 

Va- 

of 

Va- 

Sp. 

lue 

(psi) 

Sp. 

lue 

(psi) 

Sp. 

lue 

(psi) 



Sp. 

lue 

(psi) 

Direct  from 
split  test 

2 

333 

666 

2 

361 

722 

3 

350 

1050 

3 

367 

1101 

From  Eq .  6.6 

2 

331 

662 

2 

340 

680 

2 

363 

726 

2 

347 

694 

From  Eq .  6.7 

2 

323 

646 

2 

335 

670 

2 

354 

708 

2 

372 

744 

Total 

6 

- 

1974 

6 

- 

2072 

7 

- 

2484 

7 

- 

2539 

Weighted 

Average 

- 

- 

329 

- 

- 

345 

- 

- 

355 

- 

- 

363 

TABLE  VI- 2  (continued) 


Type  H  & 

I 

Type  J  & 

K 

Type  L  & 

M 

Type  N 

No. 

of 

Sp. 

Av. 

Va¬ 

lue 

(psi) 

No. 

of 

Sp. 

Av. 

Va¬ 

lue 

(psi) 

No. 

of 

Sp. 

Av. 

Va¬ 

lue 

(psi) 

No. 

of 

Sp. 

Av. 

Va¬ 

lue 

(psi) 

Direct  from 
split  test 

3 

325 

975 

3 

368 

1104 

3 

361 

1083 

- 

- 

- 

From  Eq .  6.6 

2 

329 

658 

2 

369 

738 

2 

365 

730 

3 

356 

1068 

From  Eq .  6.7 

2 

342 

684 

2 

363 

726 

2 

375 

750 

2 

348 

696 

Total 

7 

- 

2317 

7 

- 

2568 

7 

- 

2563 

5 

- 

1764 

Weighted 

Average 

- 

- 

331 

- 

- 

367 

- 

- 

366 

- 

- 

353 
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FIGURE  6.1  RELATION  BETWEEN  COMPRESSIVE  AND  TENSILE  STRENGTH 
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FIGURE  6.2  RELATION  BETWEEN  MODULUS  OF  RUPTURE  AND  TENSILE  STRENGTH 
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In  FIGURE  6.3(b),  the  measured  average  cracking  torques  for  various  types 
(A  through  N)  of  specimens  are  shown  by  points.  The  cracking  torques 
are  also  given  in  TABLE  VI- 3.  The  average  value  of  the  cracking  torque  for 
all  specimens  (except  N.3)  was  6175  lb.  in.  The  average  tensile  strength 
of  concrete  in  all  specimens  was  352  psi.  This  corresponds  to  the  cracking 
torque  of  6230  lb.  in.  (see  FIGURE  6.3).  A  study  of  FIGURE  6.3  shows  that 
the  line  representing  the  cracking  torque  for  plain  concrete  is  almost 
the  regression  line  for  the  points  representing  the  cracking  torques  for 
plain  and  reinforced  specimens.  The  reinforcement,  therefore,  did  not 
increase  the  cracking  torque  of  a  reinforced  specimen  over  that  of  the 
corresponding  plain  specimen. 


6-3  The  Torsional  Strength 


For  plain  concrete,  the  torsional  strength  according  to  elastic 
theory  (see  Equation  A. 50)  is  given  by  the  Equation: 

Tr  =  k2  b^  d°  'X max  (6.8) 


where  b  and  d  are  the  shorter  and  longer  sides  of  the  rectangle  and 


t max  is  the  maximum  shear  induced  at  ultimate  torque.  Since  b  =  d  =  4”, 
k2  =  0,208  for  a  square  section  and  Cmax  =  f'  for  pure  torsion, 


Te  =  13.31  f 


(6.9) 


The  torsional  strength  according  to  plastic  theory,  assuming 
full  plasticity,  (see  Equation  B , 8)  is  given  by  the  Equation: 

Tn  =  J:  b^  (d  -  —  b)  Hftnax 

F  2  3 

=  21.33  f ' 


(6.10) 


TABLE  VI- 3 

ROTATIONS,  CRACKING  TORQUES  AND  ULTIMATE  TORQUES  OF  SPECIMENS 
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Specimen  N.3  not  included  in  these  averages  due  to  its  large  variation  from  average  values. 
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The  values  of  torsional  moment  based  on  elastic  and  plastic  theories 
are  tabulated  in  TABLE  VI-4. 

It  has  been  seen  in  section  6-2  that  the  reinforcement  did  not 

add  to  the  cracking  torque  of  a  specimen.  Hence  the  cracking  torque 

depended  only  on  the  geometry  of  the  cross-section  and  the  tensile  strength 

of  concrete.  The  estimated  cracking  torques  based  on  the  tensile  strengths 

are  shown  in  TABLE  VI-4.  They  were  taken  from  the  straight  line  graph  of 

cracking  torque  for  plain  concrete  in  FIGURE  6.3.  The  difference  of  the 

measured  ultimate  torque  and  the  estimated  cracking  torque  may  be  considered 

as  the  contribution  of  steel  to  the  ultimate  torque  of  a  specimen.  This 

contribution  of  steel  T  is  also  tabulated  in  TABLE  VI-4. 

s 

The  points  in  FIGURE  6.4  represent  the  measured  average  ultimate 
torques  for  the  specimens  (types  A  through  N)„  The  ordinate  between  a 
point  and  the  line  representing  the  estimated  cracking  torque  gives  the 
contribution  of  steel  to  ultimate  torque. 

In  FIGURE  6.5  the  contribution  of  steel  to  ultimate  torque 
is  plotted  against  the  percentage  of  lateral  reinforcement.  In  FIGURE  6.5(a), 
the  specimen  types  A,  C,D,  F  and  G  with  0,  0.17,  0.34,  0.51  and  1.02 
percent  lateral  reinforcement  respectively  have  been  represented.  The 
specimen  types  A,  L,  N  and  M  with  0,  0.51,  0.77  and  2.72  percent  lateral 
reinforcement  have  been  used  in  FIGURE  6.5(b). 

The  contribution  of  steel  to  ultimate  torque  seems  to  increase 
in  proportion  to  the  percentage  of  lateral  steel.  However  the  rate  of 
increase  tends  to  decrease  with  higher  percentages  of  reinforcement.  The 
data  indicates  that  there  is  a  certain  limit  to  which  the  ultimate  capacity 
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TABLE  VI -4 


CONTRIBUTION  OF  STEEL  TO  THE  ULTIMATE  TORQUE 


Type 

f't 
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E 

=  13. 31  f't 
( lb . in) 
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=  21.33  f' 
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^cr 
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Tu 
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( lb . in) 

Ts  = 

^u'^cr 
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of  a  specimen  may  be  increased  by  providing  reinforcement. 

6-4  Torsional  Stiffness 

(a)  Torque-Rotation  Curves 

A  study  of  the  torque- rotat ion  curves  shows  that  they  were  prac¬ 
tically  straight  for  lower  values  of  the  twisting  moment.  Here  the  concrete 
behaved  almost  as  an  elastic  material.  With  increasing  torque,  inelastic 
deformations  occurred  and  the  rotation  tended  to  increase  at  a  higher 
rate.  Beyond  the  cracking  torque,  the  shape  of  the  torque- rotation 
curve  depended  primarily  on  the  reinforcement.  The  curves  tended  to  be 
almost  horizontal  as  the  ultimate  torque  was  approached. 

The  initial  portion  of  the  torque- rotation  curve  corresponding 
to  low  torques  was  practically  the  same  for  all  specimens.  This  is 
evident  from  a  perusal  of  TABLE  VI-3  in  which  the  rotations  at  twisting 
moments  of  910,  1910  and  2900  lb,  in.  are  given.  The  rotations  for  all 
specimens  were  close  to  the  average  values.  Hence  the  initial  stiffness 
of  a  specimen  did  not  increase  with  the  reinforcement.  It  seemed  to  be 
a  function  of  the  geometry  of  the  section  and  concrete  properties  but 
independent  of  the  reinforcement. 

(b)  Modulus  of  Rigidity 

From.  Equation  (A.  49),  the  Modulus  of  Rigidity  is  given  by  the 

Equation: 

G  =  — r-.-.  (6.11) 

K  |  0  d4 


where  T  is  the  torque,  9  is  the  corresponding  rotation  per  unit  length 


, 
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and  the  constant  for  a  square  section  (side  d  =  4")  is  0.1406. 

Using  Equation  (6.11)  and  the  rotation  of  13.2  x  10”^  radians 
per  inch  length  at  910  lb.  in.  torque  (TABLE  VI-3),  the  Modulus  of  Rigidity 
was  found  to  be  1.92  x  10^  psi.  The  Modulus  of  Rigidity  dropped  down 
to  1.65  x  10^  and  1.43  x  10^  psi  at  twisting  moments  of  1910  and  2900  lb.  in 
respectively. 

6-5  Effect  of  Longitudinal  Reinforcement  Only 

Specimen  types  B  and  H  with  longitudinal  reinforcement  only  had 
a  brittle  and  sudden  failure  as  for  plain  concrete  sections.  The  gain  in 
strength  for  type  B  specimens,  which  had  four  No.  2  bars,  one  in  each  corner 
was  160  lb.  in.  For  the  H  type  specimens  with  nine  No.  2  bars,  the  increase 
in  strength  was  665  lb.  in.  (See  TABLE  VI-4).  This  represents  an  increase 
of  about  3  and  11  percent  for  types  B  and  H  respecitvely  over  the  estimated 
cracking  torque  for  the  corresponding  plain  sections.  The  specimens  F  and 
I  had  the  same  lateral  reinforcement  (0.51  percent).  The  percentages  of 
longitudinal  reinforcement  for  types  F  and  I,  however,  were  1.23  and  2.75 
respectively.  The  gains  in  strength  for  F  and  I  types  were  660  and  1720 
lb.  in.  respectively.  The  difference  of  1060  lb.  in.  between  the  two  gains 
of  torsional  strength  may  be  attributed  to  the  increase  of  longitudinal 
reinforcement  from  1.23  to  2.75  percent.  It  may  also  be  attributed  to 
more  efficient  functioning  of  the  lateral  reinforcement  when  more  adequate 
amount  of  longitudinal  steel  existed.  From  the  above  observations,  it 
appeared  that  though  an  increase  in  the  longitudinal  reinforcement  did  not 
produce  any  appreciable  increase  in  the  torsional  strength  when  the  lateral 
reinforcement  was  missing,  it  did  so  when  substantial  lateral  reinforcement 
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did  exist. 

6-6  Effect  of  Varying  Lateral  Steel 

The  effect  of  increasing  the  percentage  of  lateral  reinforcement 
has  been  discussed  in  Section  6-3.  Though  the  lateral  reinforcement  did 
not  seem  to  affect  the  cracking  torque,  it  increased  the  ultimate  torque 
significantly  if  adequate  longitudinal  reinforcement  was  also  provided. 

For  M  type  specimens,  the  gain  in  ultimate  strength  was  2660  lb.  in. 

(see  TABLE  VI- 4) .  This  represents  an  increase  of  about  41  percent  over 
the  estimated  cracking  torque  for  corresponding  plain  section.  The  increase 
in  ultimate  strength  for  increasing  percentage  of  lateral  reinforcement 
is  plotted  in  FIGURE  6.5. 

6- 7  Effect  of  Position  and  Size  of  Longitudinal  Bars 

Specimens  I,  J  and  K  had  the  same  percentages  of  longitudinal 
(2.75  percent)  and  transverse  (0.51  percent)  steel.  The  transverse  steel 
in  all  these  specimens  consisted  of  0.144  inch  diameter  wire  at  2  inch 
spacing.  The  size  and  position  of  longitudinal  bars  was,  however,  different 
(see  TABLE  IV- 7  and  FIGURE  4.7). 

The  ultimate  torsional  moment  for  I,  J  and  K  types  were  7580, 

7065  and  7275  lb.  in.  respectively.  Specimens  I,  in  which  the  longitudinal 
bars  were  distributed  along  the  periphery  of  the  cross-section  at  greater 
distances  from  the  centroid  as  compared  to  those,  in  specimens  J,  gave 
greatest  ultimate  torque.  Since  the  ultimate  torque  of  specimens  I  was 
greater  than  specimens  K,  it  appeared  that  for  the  same  percentage  of  longi¬ 
tudinal  steel,  the  smaller  size  and  consequently  the  closer  spacing  of 
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longitudinal  bars  tended  to  produce  higher  torsional  strength. 

6- 8  Effect  of  Bar  Size  of  Transverse  Steel 

Specimens  K  and  L  had  the  same  percentage  of  longitudinal  steel 
(2.75  percent)  and  transverse  steel  (0.51  percent).  The  size  (No.  3) 
and  arrangement  of  longitudinal  bars  was  the  same  in  these  specimens. 

While  the  amount  of  transverse  steel  was  same  in  specimens  K  and  L,  the 
specimens  K  had  0.144  inch  diameter  ties  at  2  inch  spacing  and  specimens 
L  had  No.  2  ties  at  6  inch  spacing.  Specimens  K  had  a  higher  ultimate 
strength  (7275  lb.  in.)  compared  to  that  of  specimens  L  (7040  lb.  in.). 

The  transverse  steel  in  specimens  L  had  a  higher  yield  stress  (47,490  psi) 
compared  to  that  in  specimens  K  (24110  psi) .  Hence  for  the  same  percentage 
of  transverse  steel,  the  smaller  size  (and  consequently  closer  spacing) 
of  ties  gave  higher  strength. 

6-9  Effectiveness  of  Ties 

While  all  other  specimens  had  P  type  ties  (see  FIGURE  4.7) 
with  large  overlap,  the  Q  type  ties  in  specimens  E  were  provided  with 
smaller  overlap.  An  inspection  of  the  broken  specimens  of  type  E  showed 
that  the  ties  had  opened  up  and  hence  did  not  appear  to  be  effective  up 
to  the  ultimate  torque.  The  higher  strength  (7580  lb.  in.)  of  I  type 
specimens  compared  to  that  of  F  type  specimens  (7080  lb.  in.)  indicated 
that  the  ties  functioned  more  efficiently  when  a  larger  percentage  of 
longitudinal  steel  was  provided. 
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6-10  Effect  of  Steel  Strength 

Two  different  grades  of  steel  were  used  for  the  ties  to  see  the 
effect  of  steel  strength  on  the  strength  of  the  specimen.  The  0.144 
inch  diameter  wire  was  of  a  low  grade  steel  with  yield  point  stress  and 
ultimate  stress  of  24,110  and  42,330  psi  respectively.  The  No.  2  bar 
had  the  yield  point  stress  and  ultimate  stress  of  47,490  and  56,330  psi 
respectively. 

Specimens  K  and  N  had  the  same  longitudinal  steel  (four  No.  3 
bars,  one  in  each  corner).  In  specimens  K,  0.144  inch  diameter  ties  at 
2  inch  spacing  increased  the  ultimate  torque  by  785  lb.  in.  The  correspon¬ 
ding  increase  in  specimens  N  due  to  No.  2  ties  at  4  inch  spacing  was 
2110  lb.  in.  (see  TABLE  VI-4).  The  percentages  of  transverse  steel  in 
specimens  K  and  N  were  repsectively  0.51  and  0.77.  This  indicated  that 
higher  strength  steel  tended  to  give  a  greater  increase  in  the  ultimate 
torque. 

6-11  Steel  Stresses 

A  perusal  of  TABLES  V-6  through  V-31  and  FIGURES  5.3  through  5.21 
of  CHAPTER  V  shows  that  steel  had  very  little,  if  any,  stress  up  to  the 
cracking  torque.  After  the  cracking  torque  was  exceeded,  the  steel  stresses 
rose  rapidly.  In  most  cases  when  substantial  longitudinal  and  transverse 
steel  existed,  the  stress  in  each  set  of  reinforcement  reached  the  yield 
point  stress  at  the  ultimate  torque.  In  some  cases,  e.g.  specimens  K.l, 

M. 1  and  M.2,  the  steel  stress  at  ultimate  load  could  not  be  recorded 
because  the  gages  were  destroyed  at  collapse  of  the  specimen.  It,  however, 
appeared  that  the  steel  attained  the  yield  point  stress  at  ultimate  torque. 
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The  steel  attained  the  yield  point  stress  only  when  both 
longitudinal  and  transverse  steels  were  provided  in  substantial  amounts. 

The  stress  in  longitudinal  steel  in  specimen  B.2  at  ultimate  torque  was 
only  5700  psi  (TABLE  V-6).  In  specimen  H.2,  it  was  only  4200  psi  (TABLE  V-18). 
Hence  the  stress  in  longitudinal  steel  at  ultimate  torque  was  low  if  trans¬ 
verse  steel  was  not  provided.  This  indicated  that  the  longitudinal  steel 
was  not  efficiently  used  without  lateral  ties  and  consequently  failed 
to  increase  the  ultimate  torque  significantly. 

The  stresses  in  both  longitudinal  and  transverse  steels  at 
ultimate  torque  were  low  (6300  and  7950  psi  respectively)  in  specimen 
C.l,  which  had  a  low  percentage  (0.17)  of  transverse  steel  (TABLE  V- 7) . 

It  appeared  that  neither  the  longitudinal  nor  the  transverse  steel  could 
be  fully  utilised  unless  both  sets  of  reinforcement  were  adequately  provided. 

The  reinforcement  started  sharing  substantial  stresses  only  when 
the  cracking  torque  was  reached.  The  steel  stress  increased  at  constant 
torque  as  the  ultimate  torque  was  approached.  This  indicated  substantial 
creeping  and  inelastic  deformation  near  the  ultimate  torque.  The  yielding 
of  corner  bars  in  specimens  K.2  and  N.2  and  a  substantial  stress 
(12,000  psi)  in  the  longitudinal  bar  at  the  centroid  of  the  section  in 
specimen  J.2  indicated  substantial  plasticity  at  ultimate  torque 
because  the  elastic  theory  indicated  little  or  no  stress  in  these  locations. 


CHAPTER  VII 


SUMMARY  AND  CONCLUSIONS 


7- 1  Summary 

Thirty  plain  and  reinforced  concrete  specimens  were  tested  in 
pure  torsion.  All  specimens  had  a  cross-section  of  4”  x  4"  and  a  length 
of  4'  6".  The  same  concrete  mix  was  used  for  all  specimens.  Three 
different  grades  of  steel  were  used.  The  average  yield  point  stresses 
for  0.144,  1/4  and  3/8  inch  diameter  steel  were  24,110,  47,490  and  58,860 
psi  and  ultimate  stresses  of  42,330,  56,330  and  83,460  psi  respectively. 

There  were  two  specimens  of  each  type  except  types  A  and  N  each  of  which 

had  three  specimens.  The  principal  test  results  are  summarized  in  TABLE  VII- 1. 

7-2  Conclus  ions 

The  following  are  the  conclusions  drawn  from  the  study  of  the 
test  results  and  the  behaviour  of  the  specimens  in  pure  torsion: 

(1)  The  plain  concrete  and  longitudinally  reinforced  specimens 
failed  suddenly  with  a  brittle  failure  at  the  formation  of  the  first 
helical  crack. 

(2)  The  longitudinal  reinforcement  alone  did  not  increase  the 
ultimate  strength  appreciably.  It  also  did  not  impart  any  ductility  to 
the  specimen. 


108 


'CtmmiZ  t 

•  •  :  .  .  ■  '  '■  ■■  i'  . 

i--’  ■■■'.’  ; . ■>.  ...  ;>  .upooo  otj/.v  .ri  '.oo  Ao  vya-m  i  -jaq  ?.  ov:A  stow  OTS.dl 

■'  tS  a  Ifiaioniiq  s.rfT  .axisnuosga  : 


ftfjoj  pulauoQ  T.  -T 


:io  r.;  ...d  .:nc  i s,voj  ob:;  o  v.  golvK.*!  I o:i  srfT 

io  ■. o.i. -•  Griscf  sf.i:3  b.o  s'.’.  *  i  A  .  .-o.  t  .!  ;-3T 
v  J  .  o;  • hm  i;';  :t  o :  i  ...tv  a.  t-  J  o  c  o,-.>  •  U;  or!  (.(.) 
daii'i  srfd  bo  toi-ioi  .&rfb  ds  yTuIiai  slbbl/id  &  d:;iw  ^insbbus  b&Ii.el 

■.  Iso Uoxi 

od:.?  33fe.O'K;fi.i:  bOfi  bib  orvola  jnsmsOTOi.ruoy  1  snibuJi g.:io i  obT  (S) 

'-■•'■i  :  r  i  Aou  h  h;:b  oaj.tr  .  v.S  uB.i.oe?i  qqo  rl'b^TOTj  a  3;JM!.r  :lu 

.nsffij  osqs  erf:t 


801 


109 


TABLE  VII- 1 

PRINCIPAL  TEST  RESULTS 


Concrete 

Properties 

Reinforcement 

Weighted 

Av. 

T  ens i le 
Strength 
(psi) 

Longitudinal 

Transverse 

Type 

f'c 

(psi) 

(psi) 

f 

r 

(psi) 

No. 

and 

Size 

% 

Arran- 

gement 

Diameter 
and  f 
Type*' 

Spacing 

(in) 

1 

A 

3370 

333 

577 

329 

None 

0 

- 

None 

- 

0 

B 

3560 

361 

599 

345 

4  #2 

1.23 

R 

If 

- 

0 

C 

tf 

II 

0! 

II 

If 

00 

II 

0. 144". P 

6 

0.17 

D 

4060 

350 

632 

355 

01 

10 

00 

0  0  0  1 

3 

0.34 

E 

If 

II 

II 

01 

BB 

II 

00 

"  Q 

3 

It 

F 

3710 

367 

664 

363 

II 

10 

00 

"  P 

2 

0.51 

G 

II 

II 

10 

it 

Bl 

00 

00 

10  10 

Double 
at  2 

1.02 

:  H 

3335 

325 

610 

331 

9  #2 

2.75 

S 

None 

- 

0 

|  i 

II 

IB 

01 

01 

II 

10 

Bl 

0. 144". P 

2 

0.51 

j 

4190 

368 

648 

367 

01 

10 

T 

00  II 

2 

II 

K 

II 

II 

01 

IB 

4  #3 

00 

U 

10  01 

2 

II 

L 

4105 

361 

6  70 

366 

01 

II 

01 

1/4"  P 

6 

II 

M 

II 

II 

IB 

IB 

10 

Bl 

If 

Bl  II 

Double 
at  2-1/4 

2.72 

N 

3910 

- 

621 

353 

II 

10 

00 

It  If 

4 

0.77 

"See  FIGURE  4.7 


continued  on  next  page 
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TABLE  VII- 1 
(continued) 

PRINCIPAL  TEST  RESULTS 


Observed 

Steel  Stresses 

Strength 

At  cracking 

At  ultimate 

Type 

Cracking 

Torque 

( lb . in) 

Ultimate 

Torque 

( lb . in) 

Longitudinal 

Steel 

(psi) 

Trans¬ 

verse 

Steel 

(psi) 

Longitudinal 

Steel 

(psi) 

Trans¬ 

verse 

Steel 

(psi) 

Ductility 

A 

5820 

5820 

- 

. 

- 

None 

B 

6260 

6260 

5700 

- 

5700 

- 

None 

C 

6040 

6520 

0  &  1800 

4650 

6300  & 
12600 

7950 

Very 

Little 

D 

6000 

6  780 

- 

- 

- 

- 

A  little 

E 

5985 

6255 

- 

- 

- 

- 

None 

F 

6000 

7080 

8100 

- 

- 

- 

A  little 

G 

5985 

7260 

- 

- 

- 

- 

Some 

H 

6525 

6525 

4200 

- 

4200 

- 

None 

I 

6020 

7580 

8100; 1350 
&  300 

6750 
&  1050 

yield  & 
34200 

yield 

Appreciable 

J 

6030 

7065 

1050; 14700 
&  9000 

- 

13950  & 
12000 

- 

Some 

K 

6490 

7275 

5850 

- 

yield 

- 

Appreciable 

L 

6260 

7040 

7050 
&  3600 

2850 
&  1200 

- 

43500  & 
yield 

Some 

M 

6520 

9130 

12150 
&  9150 

5550 
&  2100 

- 

yield 

Much 

N 

6525** 

8350** 

0 

750  & 
15000 

y  ie  Id 

yield 

Appreciable 

See  FIGURE  4.7 


<Wf 

Specimen  N.3  not  included  in  these  averages  due  to  its  large  variation 
from  average  values. 
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(3)  The  cracking  torque  was  about  the  same  for  all  specimens. 

The  reinforcement  did  not  affect  the  crackipg  torque. 

(4)  The  ultimate  strength  was  appreciably  increased  by  providing 
longitudinal  and  transverse  reinforcement  in  adequate  amount. 

(5)  The  cracks  were  helical  and  almost  at  45°  to  the  axis  in 
all  specimens. 

(6)  Though  the  longitudinal  reinforcement  alone  did  not  effect 
any  appreciable  increase  in  strength,  it  was  necessary  for  proper  functioning 
of  the  transverse  reinforcement.  If  substantial  transverse  steel  did 
exist,  an  increase  in  longitudinal  steel  resulted  in  higher  ultimate 
strength. 

(7)  Adequate  amounts  of  both  longitudinal  and  transverse  steel 
were  necessary  for  full  utilisation  of  either  of  them.  If  one  of  them 
was  missing  or  was  inadequate,  the  other  could  not  be  stressed  to  the 
yield  point  stress. 

(8)  The  actual  cracking  torque  was  about  midway  between  that 
predicted  by  the  elastic  and  the  plastic  theories.  This  indicated  that 
though  the  sections  did  not  become  fully  plastic,  the  inelastic  deformation 
did  produce  a  significant  stress  redistribution.  The  elastic  theory  under¬ 
estimated  and  the  plastic  theory  over-estimated  the  strength  of  the  section. 

(9)  For  low  percentages  of  transverse  steel,  the  increase  in 
ultimate  strength  was  proportional  to  the  increase  in  transverse  steel. 
However,  this  rate  of  increase  of  ultimate  torque  decreased  for  higher  per- 
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centages  of  transverse  steel.  There  appeared  to  be  a  limit  up  to  which 
the  ultimate  strength  could  be  increased,  which  depended  upon  the  geometry 
of  the  section  and  the  concrete  and  steel  properties. 

(10)  The  longitudinal  bars  functioned  more  effectively  and 
therefore  gave  higher  strength  if  they  were  kept  away  from  the  centroid 
of  the  section.  This  was  because  the  lever  arm  for  the  bars  was  greater 
when  the  bars  were  placed  away  from  the  axis  of  twist.  Also  there  was 
greater  plastic  deformation  resulting  in  higher  stress  in  the  outer  zone 
of  an  elasto-plastic  section. 

(11)  For  the  same  percentage  of  longitudinal  steel,  the  smaller 
size  and  consequently  closer  spacing  of  longitudinal  bars  gave  higher 
strength. 

(12)  For  the  same  percentage  of  transverse  steel,  the  smaller 
size  or  closer  spacing  gave  higher  strength. 

(13)  An  adequate  overlap  for  developing  full  stress  in  ties 
was  necessary  for  effectiveness  of  the  ties. 

(14)  The  higher  strength  of  steel  used  for  the  ties  gave 
higher  strength  to  the  specimens. 

(15)  The  behaviour  of  all  specimens  up  to  the  cracking  torque 
was  about  the  same.  The  initial  stiffness  of  all  specimens  was  nearly 
the  same  since  it  depended  only  on  the  geometry  of  the  section  and 
concrete  strength.  It  was  independent  of  the  type,  amount  or  position  of 


the  reinforcement. 
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(16)  The  torque- rotat ion  curve  was  practically  straight  at 
low  values  of  torque.  This  indicated  that  concrete  behaved  practically 
as  an  elastic  material  for  low  torques.  This  linear  part  of  the  curve 
was  almost  the  same  for  all  specimens. 

(17)  At  higher  torque,  especially  above  the  cracking  torque, 
the  torque- rotat ion  curve  tended  to  be  flat.  The  shape  of  this  part  of 
the  curve  depended  primarily  on  the  type,  amount  and  position  of  rein¬ 
forcement  . 


(18)  The  Modulus  of  Rigidity  decreased  with  increasing  torque. 

Its  value  at  torques  of  910,  1910  and  2900  lb.  in.  was  found  respectively 
as  1,92  x  106,  1.65  x  10 ^  and  1.43  x  10 ^  psi. 

(19)  The  steel  stress  was  low  up  to  the  cracking  torque.  The 
steel  stress  grew  rapidly  as  the  cracking  torque  was  exceeded. 

(20)  Both  longitudinal  and  transverse  steel  could  be  stressed 
to  the  yield  stress  if  adequate  amount  of  each  was  provided.  This  full 
utilisation  of  steel  tended  to  give  substantially  higher  strength.  If 
either  the  longitudinal  or  the  transverse  steel  was  insufficient,  the  steel 
did  not  attain  the  yield  stress.  The  stress  in  steel  at  ultimate  torque 
was  low  for  specimens  with  longitudinal  steel  only. 

(21)  Torque  in  excess  of  the  cracking  torque  was  almost  entirely 
carried  by  the  reinforcement. 

(22)  The  steel  stress  increased  at  constant  torque  when  it  was 
close  to  the  ultimate  torque.  This  indicated  significant  stress  redistribution 


before  the  specimen  collapsed. 


(23)  None  of  the  reinforcement  fractured  at  the  ultimate  torque. 

(24)  The  tests  helped  a  better  understanding  of  the  behaviour 
of  concrete  sections  in  pure  torsion.  The  tests  included  some  of  the 
variables  not  previously  investigated.  Further  testing  is  considered 
necessary  to  study  the  behaviour  of  rectangular  sections  and  prestressed 
concrete  sections  in  pure  torsion.  Due  to  the  dearth  of  test  results, 
further  experimental  work  in  the  field  of  combined  bending,  torsion  and 
shear  is  considered  extremely  useful. 
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APPENDIX  A 


ELASTIC  THEORY 


A-l  Circular  Section 


It  was  Coulomb  who  first  presented  correctly  the  theory  of 
torsion  for  prismatic  members  of  circular  section  in  the  year  1787.  This 
classical  solution  is  quite  simple  because  there  is  no  longitudinal 
warping  of  the  cross-sections.  The  stress  and  consequently  the  strain 
are  proportional  to  the  distance  from  the  axis  of  the  prism,  varying  from 
nothing  at  the  centre  to  maximum  at  the  surface  of  the  prism.  The 
solution  for  cirular  section  can  be  expressed  by  the  Equations: 


1=1 

J  r 


G.9 


(A .  1) 


where: 

T  =  The  twisting  moment 

r4 

J  =  Polar  moment  of  inertia  =  TT'K— 

2 

X  =  Shear  stress  at  any  point  distant  r  from  axis 
r  =  Distance  from  axis 
G  =  Modulus  of  elasticity  in  shear 
9  =  Angle  of  twist  per  unit  length  of  the  prism 


Equation  (A. 1)  is  also  applicable  to  the  closed  hollow 


circular  prism  but  the  polar  moment  of  inertia  of  the  section  is  given 


J 


(A.  2) 


where : 


External  radius  of  section 
Internal  radius  of  section 


A-2  Non-circular  Section 


A  2 


Following  the  lead  taken  by  Coulomb,  Navier,  Poisson  and  Cauchy 
investigated  the  theory  of  torsion  for  homogeneous  prisms  of  non-circular 
section.  Assuming  that  the  cross-sections  of  the  bar  remain  plane  and 
rotate  without  any  distortion,  Navier  arrived  at  the  erroneous  conclusions 
that,  for  a  given  torque  the  angle  of  twist  of  bars  is  inversely  proportional 
to  the  centroidal  polar  moment  of  inertia  of  the  cross-section  and  that 
the  maximum  shearing  stress  occurs  at  the  points  most  remote  from  the 
centroid  of  the  cross-section.  The  above  assumption  is  in  contradication 
with  the  boundary  conditions.  Similarly,  Cauchy  published  a  theory  of 
torsion  for  rectangular  sections  in  1828.  His  theory  was  also  incorrect 
since  he  failed  to  consider  the  warping  of  cross-sections. 

The  correct  solution  of  the  problem  of  torsion  of  prismatic 
bars  by  couples  applied  at  the  ends  was  given  by  Saint  Venant.  In  his 
so-called  ’ semi- inverse  method1,  Saint  Venant  assumed  certain  deformation 
of  the  twisted  prism.  He  then  showed  that  with  this  assumed  deformation, 
he  could  satisfy  the  equations  of  equilibrium  (A. 3)  and  the  boundary 
conditions  (A. 4)  given  below: 

The  Equations  of  equilibrium  of  an  infinitesimal  element, 
sides  &x,  gy  and  $z,  of  homogeneous  isotropic  and  elastic  material, 
are:  (see  FIGURE  A. 1) 


A  3 


L  ^Txy  +  yt 
b  x  b 


xz 


+  X  =  0 


cXT\ 


+ 


b>  Lxy  +  b^yz 


by  b 


+  Y  -  0 


(A. 3) 


+  ^Txz  +Ail^  +  z  =  0 


b  z 


where 


crx,  (5"y  and  are  normal  stresses  in  x,  y  and  z 

co-ordinate  directions. 

I  r  and  'T'  are  the  shears  on  the  faces  of  the 

i-xy’  lyz  Lxz 

element  and 

X,  Y  and  Z  are  the  components  of  the  body  forces  in 
the  three  co-ordinate  directions. 


The  boundary  conditions  are:  (see  FIGURE  A. 2) 

X  =  (fxA  +  TXy.m  +  Txz°n 

Y  =  <fy.m  +  Tyz»n  +  Txy-1  (A  •  A) 

Z  —  .n  -i  T-  xz  °  1  'l-'yz  • m 

in  which, 

1,  m  and  n  are  the  direction  cosines  of  the  external 
normal  to  the  surface  of  the  body  at  the  point  under  consideration 
and 

X,  Y  and  Z  are  the  components  of  the  surface  forces  per 


unit  area  at  this  point. 


Since  the  assumptions  made  by  Saint  Venant  satisfy  the  fundamental 
Equations  of  equilibrium  and  the  boundary  conditions,  then  it  follows 
from  the  uniqueness  of  the  solutions  of  elasticity  Equations  that  the 
assumptions  made  are  correct. 

Saint  Venant  assumed  that  the  deformation  of  twisted  prism 
could  be  split  into  two  parts i 

(i)  Rotations  of  the  cross-sections  as  for  a  circular  prism. 

(ii)  Warping  of  the  cross-sections  which  is  the  same  for  all  cross- 
sections  . 

Taking  the  origin  of  co-ordinates  in  an  end-section  (FIGURE  A. 3), 
the  displacements  in  the  x  and  y  directions  respectively  are 

u  =  -Q.z.y,  v  =  G.z.x.  (A. 5) 

where  9z  is  the  angle  of  rotation  of  the  cross-section  at  a  distance 
z  from  the  origin. 

The  longitudinal  warping  of  the  cross-sections  is  defined  by 
the  function 

w  =  (x,  y)  (A.  6) 

where  w  is  the  displacement  in  the  z-direction  and  ijf  is  a  function  of 
x  and  y  only. 

The  unit  elongations  and  the  unit  shearing  strains  in  the  three 
co-ordinate  directions  may  be  expressed  by  the  symbols;  £y, 

Vxy’  Yxz  anc*  Yyz’  They  are  related  to  the  displacements  u,  v  and  w 


by  the  Equations:: 


A  5. 


•z. 


FIGURE  A.I.  STRESSES  ON  AN  INFINITESIMAL  ELEMENT. 
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FIGURE  A.  2  STRESSES  ON  A  TETRAHEDRON. 
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FIGURE  A.  3 

CO  -  ORDINATE  SYSTE  M. 
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b  x 


xz 


'b)  u  _j_  'b  w 
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"b  y 


From  the  assumed  displacements  (A. 5)  and  (A, 6),  the  components 
of  strain  from  Equations  (A. 7)  are: 


Vxz 

^yz 


^y 

-  £z 

=  y 

3  xy 

0 

b  w 

+  Aa 

=  0 

-  y) 

bx 

b  z 

b>  X 

b  w 

>i 

+ 

=  0 

+  x) 

by 

b  z 

Sy 

(A.  8) 


The  Equations  connecting  the  strains  to  the  stresses  are; 

1 


£y 

£z 


-a 

i[ 

n 


<5*  x 

-  Y-  («"y 

+  £Tz) 

«V 

-  ^  <ff-x 

+  «;> 

(A.  9) 

^Z 

-F<s-X 

+  (T  )" 

y 

G  Txy  ’  ^yz  g  T-yz  ’  ^xz  G 


G  '•xz 


(A. 10) 


Using  Equations  (A. 8),  (A. 9)  and  (A „ 10) ,  the  stresses  are  found 

as : 


=  <ry 

=  ^z 

=  T  =o 

uxy 

Txz 

=  G0 

b  X 

y) 

(A. 11) 
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Thus  the  assumed  deformations  (A. 5)  and  (A. 6)  lead  to  no  normal 
stresses  between  the  longitudinal  fibres  or  along  them  since  all  normal 
stresses  vanish.  There  is  also  no  deformation  in  the  planes  of  the  cross- 
sections  since  £x,  g  ^  and  vanish.  There  is  pure  shear  at  each 

point  defined  by  the  components  *T  and  I  . 

Substituting  from  Equations  (A. 11)  into  Equations  of  equilibrium 
(A. 3)  and  ignoring  the  body  forces  leads  to  the  two  dimensional  Laplace 
Equation; 


b2  4J  b2  W 
-  +  - 


(A. 12) 


The  lateral  surface  of  the  bar  is  free  from  external  forces 
and  has  normals  perpendicular  to  the  z-axis.  Hence  for  the  lateral  sur¬ 
face; 

X  =  Y  =  Z  =  0  and  cos  (N  )  =  n  =  0  (A.  13) 

Using  Equations  (A. 13),  the  first  two  of  the  boundary  conditions 
(A. 4)  are  identically  satisfied.  The  third  condition  gives; 

T  .1  +  'f  .m  =  0  (A.  14) 

Uxz  L'yz 

From  Equation  (A. 14)  it  follows  that  the  resultant  shearing 
stress  at  the  boundary  is  directed  along  the  tangent  to  the  boundary 
(FIGURE  A. 4).  Considering  an  infinitesimal  element  ABC  at  the 
boundary  and  assuming  that  s  is  increasing  in  the  direction  from  C  to 
A 

1  =  cos(N  )  = 

ds 


m 


cos (Ny) 


dx 

ds 


(A. 15) 
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FIGURE  A.  4.  BOUNDARY  ELEMENT 
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FIGURE  A.  5  MEMBRANE  ANALOGY 


FIGURE  A.  6 

RECTANGULAR  SECTION. 


Substituting  from  (A. 11)  and  (A. 15),  the  Equation  (A. 14) 

gives : 

(  bH  -  y)  p  -  +  x)  ¥  =  0  (A.  16) 

by.  '  ds  Vy  ds 

Thus  any  solution  of  the  torsion  problem  must  satisfy  the  two- 
dimensional  Laplace  Equation  (A. 12)  and  the  boundary  condition  (A. 16). 

It  was  L,  Prandtl  who  introduced  the  stress  function  4  into 
the  torsion  problem.  This  leads  to  simpler  boundary  condition  as  compared 
to  (A. 16)  . 

Since  C3^x,  z  and  '  [Xy  vanish,  the  Equations  of 

equilibrium  (A. 3)  reduce  to: 


b  z 


0, 


^  ^-xz  +  b  i  yz 

b  x  'by 


(A.  17) 


The  first  two  are  identically  satisfied  since  and 

xz  y  & 

as  given  by  Equations  (A. 11),  are  independent  of  z.  The  third  Equation 
is  satisfied  if 


b>4 

by 


and  \ 

U  yz 


b  4 

<3  x 


(A. 18) 


where  <j>  ,  the  stress  function,  is  a  function  of  x  and  y. 

From  Equations  (A. 11),  Equations  (A. 18)  give: 

b  4  4  (1)  b4  A  ih 

—  =  GO  (  -  y)  ,  -  _  G0  ( +  x) 

<by  ^x  b  x  by 


(A.  19) 


Eliminating  from  Equations  (A.  19)  leads  to  the  second 


order  partial  differential  Equation: 


. 
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^  2<j>  + 

cb  x2  ^)y2 


(A. 20) 


The  boundary  condition  (A. 14)  gives  on  substituting  from  (A. 15) 

and  (A . 18) 

\A  •  iz  +  \t  .  dx  =  &£  =  o  (A.  21) 

\  ds  \.  d  s  ds 

by  ox 


Equations  (A.  21)  show  that  the  stress  function  <$  must  be  constant 
along  the  boundary  of  the  cross-section.  In  the  case  of  singly  connected 
boundaries,  this  constant  can  be  chosen  arbitrarily  and  is  generally 
assumed  zero.  Then  the  solution  of  the  torsion  problem  reduces  to  finding 
the  stress  function  4  which  satisfies  equation  (A. 20)  and  is  zero  every¬ 
where  on  the  boundary. 

The  normals  to  the  end  cross-sections  are  parallel  to  the  z-axis, 
hence  for  any  point  on  the  end  cross-section, 


1  =  m  =  0  ,  n  =  +  1  (A. 22) 

Hence  Equations  (A. 4)  become: 

X  =  +  Txz  .  5  -  ±Tyz  (A. 23) 

in  which  the  positive  sign  refers  to  the  end  of  the  bar  on  which  the 
external  normal  points  in  the  positive  z  direction,  i.e.  lower  face  in 
FIGURE  A. 3.  Hence  on  the  end  sections,  the  shearing  forces  are  distributed 
in  the  same  manner  as  the  shearing  stresses  over  any  other  cross-section 
of  the  bar.  These  shearing  forces  give  rise  to  a  torque.  Substituting 
from  Equations  (A.  18)  into  Equations  (A.  23)  and  noting  that  <j>  is  zero  over 
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the  boundary; 


jj  X  dxdy  =  jj" txz  dxdy  =  ^  dxdY  =  j  dx  f  “  dy  =  0 


(A„  24) 


j|  Y  dxdy  =  jjTyz  dxdy  =  "J|g~  dxdy  =  "idy  j 


c> 

c>  X 


dx  =  0 


Thus  the  resultant  of  forces  over  the  ends  of  the  bar  is  zero.  The  forces 
actually  form  a  couple; 


T  =  j  j  (Yx  -  Xy)  dx  dy  -  xdxdY  “jj  ydxdy 

Integrating  (A. 25)  by  parts  leads  to,  since  <3  -  0  at  boundary 


(A. 25) 


T  =  2  I  \  (t>  dxdy 


(A. 26) 


Each  term  of  the  last  member  of  Equations  (A. 25)  contributes  one  half  of 
the  torque.  One  half  of  the  torque  is  due  to  XXz  and  t^e  otder  half  due 

t0  "Tyz’ 

The  assumed  displacements  (A. 5)  lead  to  a  stress  distribution 
which  satisfies  the  equations  of  equilibrium  (A, 3),  leaves  the  lateral 
surface  of  the  bar  free  from  external  forces  and  produces  end  torque  given 
by  (A. 26).  The  compatibility  conditions  need  not  be  considered  since  the 
stresses  have  been  derived  from  the  displacements  (A. 5).  The  solution  is 
exact,  since  all  Equations  of  elasticity  are  satisfied. 

The  solution  is  rigourous  only  if  the  forces  at  ends  of  bar 
are  distributed  in  a  definite  manner.  From  Saint  Venant’s  principle,  the 
stresses  in  a  long  twisted  bar  at  a  sufficient  distance  from  the  ends  depend 
only  on  the  resultant  torque  T  and  are  practically  independent  of  the 
mode  of  distribution  of  end  forces. 
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The  foregoing  results  of  the  elastic  theory  can  be  summarised 
as  follows: 

Corresponding  to  the  simple  Equation  for  circular  section: 

M  =  _I  =  G.0 

J  r 

the  Equation  for  non-circular  section  is: 


|=|  -  G.6  (A.  27) 

where  K  called  the  Tors  ion- constant  replaces  the  polar  moment  of  enertia 
J  and  R  called  the  stress- factor  replaces  r,  the  distance  from  the  axis 
of  the  circular  section.  The  torsion  constant  K  is  given  by  the  Equation: 


K  =  2 


Jf£  dxdy 


(A. 28) 


and  the  stress-factor  R  is  given  by  the  Equations 


R  a  £ 

R  =  —  =  grad  £ 

o  n 


(A. 29) 


where 


£  = 


G  -  9 


(A. 30) 


being  the  stress-function. 

The  torsion  problem  leads  to  the  partial  differential  Equation: 


v  2  +  \  2 

dx  o  y 

c>  2  £  ^  ^  2£ 


-2  G0 


(A. 31) 


or 


-2 
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and  the  component  shear  stresses  are  given  by: 


/T'XZ  =  GQ.^? 

pxz  y 

Tyz  -  -oe. 

ox 

The  boundary  condition  for 


b  y 


_  ^ 

&  or  ^  is: 


(A. 32) 


^  =  #  =  0  (A. 33) 

ds  ds 

i.e.  the  functions  ei  and  ^  are  constants  along  the  boundary. 

Using  Equations  (A. 27)  and  (A. 28) 

T  =  G@K  =  2  G9  dxdy  =  2j|  (J>  dxdy  (A.  34) 

A . 3  Membrane  Analogy 


This  analogy  was  introduced  by  L.  Prandtl.  FIGURE  A. 5  shows 
a  homogeneous  membrane  supported  at  the  edges  of  an  opening  of  exactly 
the  same  shape  as  the  cross-section  of  the  twisted  bar.  The  membrane  is 
inflated  slightly  by  a  small  pressure  differential.  The  equilibrium  is 
maintained  by  uniform  tensile  stresses  throughout  the  membrane. 

If  S  is  the  uniform  tension  per  unit  length  of  the  boundary, 
the  downward  component  of  the  tensile  forces  on  the  sides  AD  and  BC 

.2  2 

of  an  infinitesimal  element  ABCD  is  -S(  o  z/«JxZ)dxdy.  The  other  two 

i  2  2 

sides  of  the  element  similarly  give  a  downward  component  -S(  a  z/oy  )dxdy. 
Hence  if  q  is  the  pressure  differential,  the  Equation  of  equilibrium  of 
the  element  is: 


\  2 

S  9-Z  dxdy  +  S' 

Vz 

fc*2 

b2z  +  ^2Z 

-  3 

b  X2  k  y2 

S 

dxdy 


+ 


q • dxdy 


0 


hence 


(A. 35) 


' 
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This  Equation  is  of  the  same  form  as  Equation  (A. 20)  for  the 
torsion  problem.  The  elevation  of  the  membrane  z  is  analogous  to  the 
stress  function  </>  if  the  quantity  q/S  is  replaced  by  2GQ.  The  elevation 
of  the  membrane  at  the  boundary  is  zero.  This  is  analogous  to  the  boundary 
condition  (A. 21). 

The  deflection  surface  of  the  membrane  can  be  represented  by 
contours.  The  deflection  is  same  along  any  one  contour: 


=  o 


The  corresponding  Equation  for  the  stress  function  <f>  is: 


(A. 36) 


^  =  (^i.iy+^odx  ^  .  dy  _  Y  .  dx  =  Q  (A 

^  S  ds  ^  ^  ds  ^xz  ds  ^  ds 

Equations  (A. 37)  indicate  that  the  projection  of  the  resultant 
shearing  stress  at  a  point  A  on  the  normal  N  to  the  contour  passing 
through  A  is  zero.  It  means  that  the  shearing  stress  at  the  point  A 
is  in  the  direction  of  the  tangent  to  the  contour  through  this  point. 

Curves  whose  tangents  point  in  the  direction  of  resultant  shear  are  called 
lines  of  shearing  stress.  Hence  the  contours  of  the  membrane  are  lines  of 
shearing  stress. 

The  resultant  shear  stress  t  at  A  is  obtained  by  projecting 
the  stress  components  °Xxz  anc*  Tyz  on  the  tangent  to  the  contour: 

T  =  Tyz  cos  (Nx)  “  Txz  cos  (Ny) 

Substituting 

Txz,  =  ^  ,  Tyz  =  -  ,  cos  (Nx)  =  4^  >  cos  (Ny)  = 

C>y  c)  x  dn  dn 

t-  - •  £  +  ¥  ■  ¥  >  -  -¥ 

0  x  dn  ^  y  dn  dn 


37) 


(A. 38) 


o  44 
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Hence  the  resultant  shear  stress  at  any  point  is  given  by  the  maximum 
slope  of  the  membrane  at  this  point. 

Quantitative  results  can  be  obtained  from  direct  measurements 
of  the  geometry  of  the  membrane.  Since  exact  solution  for  the  circular 
section  is  known,  the  results  for  non-circular  section  can  be  obtained 
by  comparison  of  membranes  over  a  circular  and  non-circular  opening  when 
both  membranes  are  submitted  to  the  same  pressure  differential.  The 
membrane  analogy  is  also  extremely  useful  for  obtaining  quick  qualitative 
results . 

The  important  conclusions  of  the  membrane  analogy  are: 

(i)  The  stress  function  </  is  analogous  to  the  elevation  of  the 
membrane  z. 

(ii)  The  lines  of  shearing  stress  are  the  same  as  the  contours  of 
the  membrane, 

(iii)  The  magnitude  of  resultant  shear  is  analogous  to  the  maximum 
slope  of  the  membrane.  The  maximum  shear  acts  at  points  where 
the  contour  lines  are  closest. 

(iv)  From  Equation  (A. 26),  it  can  be  concluded  that  double  the  volume 
under  the  membrane  represents  the  twisting  moment  if  q/s  is 
replaced  by  2G9 . 


A . 4  Rectangular  Section 


Using  the  membrane  analogy,  the  deflections  of  the  uniformly 
loaded  rectangular  membrane,  shown  in  FIGURE  A, 6  must  satisfy  the  differen¬ 
tial  Equation: 


^2  + 

b  x2  b y2 


-q/s 


(A. 35) 
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and  should  be  zero  at  the  boundary. 

The  series  function: 

CO 

b  cos  — Yn  (A,  39) 

n  2a 

n=l,3,5,  .  . 


in  which  b-^  ,  b^  ,  .  „  .  are  constants  and  ,  Y-,  ,  „  „  .  are  functions 

of  y  only,  satisfies  the  condition  of  symmetry  with  respect  to  y-axis 
and  vanishes  on  the  sides  x  =  +  a„ 

Substituting  from  (A „ 39)  into  (A„35)  and  expanding  the  right 
member  of  (A035)  into  an  infinite  series,  the  condition  of  symmetry  with 
respect  to  x-axis  and  the  boundary  condition  on  the  edges  y  =  +b  give: 


Yn 


n-  1 

16qa^  - 1 )  ^  i  cosh  (n7jy/2a) 

s  •  n'\3bn  cosh  (wb/2a) 


(A, 40) 


Substituting  in  (A„39),  the  general  expression  for  deflection  becomes: 


Z 


oo 


n= 1 , 3 , 5 , 


n- 1 


—  (-1) 
3 


^  _  cosh  (n7Ty/2a) 
cosh  (n7rb/2a) 


cos  wm. 
2a 


(A, 41) 


Replacing  q/s  by  2G9,  the  stress  function  <t>  is  obtained 
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<1 


32G9  a‘ 


i r 


co  n- 1 


n=l, 3, 5. .  . 


cosh  (n77~y/2a)  n7rx 

cosh  (n7rb/2a)  COS  2a 


(A. 42) 


The  stress  components  are  obtained  by  differentiations 


r  = 

_ 

16G9a  \ 

~l  1  2 

1  (-D 

^  cosh  (n7iy/2a) 

yyz 

c>  x 

2  / 

7 T  / 

2 

i  n 

cosh  (n7rb/2a) 

n=  1 , 3 , 5 ,  .  .  . 


sin  M* 
2a 


(A.  43) 


For  b>a,  the  maximum  shear  stress  occurs  at  the  middle  of  the  long  sides 
x  =  +a .  Putting  x  =  a,  y  =  0  in  Equation  (A. 43)  gives: 


CO 


% 


max 


=  2G9a  - 


16G9a 


IT2 


1 


n2  cosh  (mrb/2a) 


n- 1 , 3 , 5 ,  .  .  . 


(A .  44) 


The  infinite  series  on  the  right  is  rapidly  convergent.  For  the  square 
section,  (a=b) : 

Tmax  ~  1-351  G. 9- a  (A. 45) 

In  general, 

Tmax  =  k • 2G9a  (A. 46) 

in  which  k  is  a  number  whose  value  depends  upon  the  ratio  b/a 
(see  TABLE  A. 1) . 


i'fty  v.  : 


A  18 


The  twisting  moment  is  obtained  by  integration  of  the  stress 

function  d: 

a  b 

T  =  2  \  1  (j/>  dxdy. 

-'-a  -b 


co 


i  G0  (2a)3  (2b) 


1  - 


192  a 
b 


1  mrb 

—  tanh  — — 

n5  2a 


(A. 47) 


n=l,  3,  5 


The  series  on  the  right  converges  rapidly.  For  a  square  section,  (a=b) : 


T  =  0.1406  GO  (2a)4 


(A.  48) 


In  general,  the  torque  can  be  represented  by  the  Equation: 
T  =  k^  GO  (2a)3  (2b) 


(A.  49) 


where  is  a  number  whose  value  depends  upon  the  ratio  b/a 

(see  TABLE  A. 1) . 

Eliminating  9  from  Equations  (A. 46)  and  (A. 49): 


_ T _ 

k2  (2a) 2  (2b) 

where  k2  =  k^/k.  (see  TABLE  A.  1)  . 


% 


max 


(A.  50) 


\ 
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TABLE  A . 1 
TABLE  OF  CONSTANTS 


b/a 

k 

kl 

k2 

b/a 

k 

ki 

k2 

1.0 

0.675 

0. 1406 

0.208 

3 

0.985 

0.263 

0.267 

1.2 

0.759 

0.166 

0.219 

4 

0.997 

0.281 

0.282 

1.5 

0.848 

0.196 

0,231 

5 

0,999 

0.291 

0.291 

2.0 

0.930 

0.229 

0.246 

10 

1.000 

0.312 

0.312 

2.5 

0.968 

0.249 

0.258 

OQ 

1.000 

0.333 

0.333 

From  the  above  theory  or  by  considering  the  Geometry  of 
the  analogous  membrane,  some  interesting  conclusions  may  be  drawn.  For 
example,  it  may  be  seen  that  for  a  given  cross-sectional  area,  the  square 
section  has  the  greatest  torsional  stiffness  and  that  the  torsional 
stiffness  of  a  ' T '  or  9  L '  section  is  approximately  equal  to  the  sum  of 
the  torsional  stiffnesses  of  the  component  rectangles. 
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APPENDIX  B 


B  1 


PLASTIC  THEORY 

B- 1  Circular  Section 

The  elastic  torsional  resistance  moment  of  a  circular  section 
of  radius  R  is: 


R 


2ttt  °  % 


max  <r>  r  dr 


\  if  R3‘ 


max 


(B.l) 


where  t  max  ■*-s  maximum  shear  stress  in  the  material. 

If  the  whole  section  becomes  plastic,  the  torsional  reistance 
moment  of  a  fully  plastic  circular  section  is: 


R 


2jrr°  Ti 


max 


r  dr  - 


I  r3‘  Tmax 


(B .  2) 


For  the  case  of  partial  plasticity,  if  the  plasticity  ratio  =  £ 
and  e  =  1  -  £  ,  the  torsional  resistance  moment  for  elasto-plastic  section 
is  given  by: 


-EP 


(  27nr-Tmax  (  ^  >  r  d 


f 


R 


r  + 


2ttt  I  ’  r  dr 


eR 


■  -3  ^3T.ax  -  i  -  <*>3-T, 


max 


1  3 

T  -  -  e  T 

P  4  P 


=  T 


i  (1  -  £  ) 3  T 


(B.3) 


) 


1 


From  Equation  (B.3),  it  is  noted  that  for  plasticity  ratio 

greater  than  1/2,  the  resisting  torque  of  the  partially  plastic  section 

Tgp  is  of  the  same  order  as  fully  plastic  resisting  torque  T  .  For 

£=  1/2  ,  TP-n  =  —  T  .  Also  see  TABLE  B.l. 

EP  o2  p 


TABLE  B . 1 

RATIO  OF  ELASTO-PLASTIC  TO  PLASTIC  RESISTING 
TORQUE  FOR  VARIOUS  VALUES  OF  PLASTICITY  RATIO 


£ 

0 

0.  1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

tep 

TP 

0.75 

0.818 

0.872 

0.914 

0.946 

0.969 

0.984 

0.994 

0.998 

1.0 

1.0 

B-2  Non-circular  Section 


The  assumption  of  full  plasticity  implies  constant  shear  stress 
throughout  the  section.  Thus: 


A 


Txz2  +  T  2 


=  Constant 


(B .  4) 


Also, 


Txz  =  ^  ^  y 

'Tyz  =  -  <!>  4  I  c^x 


(B .  5) 


where  < i  is  the  plastic  stress  function.  From  Equations  (B.4)  and 

(B.5): 


(^2)2  + 

)2 

Grad  tfL 

&  x 

^  y 

P 

=  Constant  (B.6) 


which  indicates  that  the  plastic  stress  function  has  constant  slope. 
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B- 3  Sand  Heap  Analogy 


From  Equation  (B „ 6) ,  it  is  evident  that  the  plastic  stress  function 
can  be  represented  by  a  surface  of  constant  slope,  Nadai  suggested 
the  analogy  of  sand  heap.  Since, 


Tp  =  2^  |  dxdy  (B.7) 


the  volume  of  sand,  that  may  be  heaped  on  a  level  plate  of  the  same  shape 

as  the  cross-section  under  consideration,  will  represent  the  ultimate 

torque.  For  a  rectangular  section  of  width  b  and  depth  d,  the  volume 

of  sand  heap  is  —  sb~  (d  -  —  b)  where  s  is  the  constant  slope  of 

4  3 

the  sand  heap.  Replacing  s  by  the  maximum  shear  stress  ^max,  the 
ultimate  torque: 


T 

P 


1  2 
1  b  (d 


ib)  T 

7  in 


max 


(B.8) 


There  is  no  simple  analytical  solution  for  the  problem  of 
partial  plasticity  of  non-circular  sections.  The  membrane  analogy  may, 
however,  be  extended  to  the  case  of  partial  plasticity.  The  portion  of  the 
membrane  corresponding  to  the  plastic  zone  of  the  cross-section  should 
have  constant  slope.  This  may  be  done  by  erecting  a  roof  of  constant 
slope  over  an  opening  representing  the  cross-section  and  inflating  the 
membrane  till  it  touches  the  roof  to  the  desired  extent.  The  portion  of 
the  membrane  which  touches  the  roof  corresponds  to  the  plastic  zone  whereas 
the  remaining  portion  near  the  axis  represents  the  elastic  zone  of  the 
cross-section,  Nadai  performed  some  interesting  experiments  illustrating 
this  theory. 


i 
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